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PREFACE

Statistical theory of communication is a broad new field comprised of
methods for the study of the statistical problems encountered in all types
of communications. The field embodies many topics such as radar
detection, sources of physical noise in linear and nonlinear systems,
filtering and prediction, information theory, coding, and decision theory.
The theory of probability provides the principal tools for the study of
problems in this field.

Information theory as outlined in the present work is a part of this
broader body of knowledge. This theory, originated by C. E. Shannon,
introduced several important new concepts and, although a part of
applied communications sciences, has acquired the unique distinction of
opening a new path of research in pure mathematics.

The communication of information is generally of a statistical nature,
and a current theme of information theory is the study of simple ideal
statistical communication models. The first objective of information
theory is to define different types of sources and channels and to devise
statistical parameters describing their individual and ensemble operations.

The concept of Shannon’s communication entropy of a source and the
transinformation of a channel provide most useful means for studying
simple communication models. In this respect it appears that the con-
cept of communication entropy is a type of describing function that is
most appropriate for the statistical models of communications. This is
gimilar in principle to the way that an impedance function describes a
linear network, or a moment indicates certain properties of a random
variable. The introduction of the concepts of communication entropy,
transinformation, and channel capacity is a basic contribution of informa-
tion theory, and these concepts are of such fundamental significance that
they may parallel in importance the concepts of power, impedance, and
moment.

Perhaps the most important theoretical result of information theory is
Shannon’s fundamental theorem, which implies that it is possible to
communicate information at an ideal rate with utmost reliability in the
presence of “noise.” This succinct but deep statement and its conse-
quences unfold the limitation and complexity of present and future
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X PREFACE

methods of communications. Mastery of the proof offers many fringe
benefits to those interested in the analysis and synthesis of communication
networks. For this reason we have included several methods of proof
of this theorem (see Chapters 4 and 12). However, the impatient reader
is forewarned that the proof entails much preparation which may prove
to be burdensome.

This book originated about five years ago from the author’s lecture
notes on information theory. In presenting the subject to engineers,
the nced for preliminary lectures on probability theory was observed.
A course in probability, even now, is not included in the curriculum of a
majority of engineering schools. This fact motivated the inclusion of an
introductory treatment of probability for those who wish to pursue the
general study of statistical theory of communications.

The present book, directed toward an engineering audience, has a
threefold purpose:

1. To present elements of modern probability theory (discrete, con-
tinuous, and stochastic)

2. To present elements of information theory with emphasis on ils
basice roots in probability theory

3. To present elements of coding theory

Thus this book is offered as an introduction Lo probability, information,
and coding theory. It also provides an adequate treatment of proba-
bility theory for those who wish to pursue topics other than information
theory in the ficld of statistical theory of communications.

One feature of the book is that it requires no formal prerequisites
except the usual undergraduate mathematics included in an engineering
or science program. Naturally, a willingness to consult other references
or authorities, as necessary, is presumed. The subjeet is presented in
the light of applied mathematics. The immediate involvement in tech-
nological specialities that may solve specific problems at the expense of
a less thorough basic understanding of the theory is thereby avoided.

A most important, though indirect, application of information theory
has been the development of codes for transmission and detection of
information. Coding literature has grown very rapidly since it, presum-
ably, applies to the growing field of data processing. Chapters 4 and
13 present an introduction to coding theory without recourse to the use
of codes.

The book has been divided into four parts: (1) memoryless discrete
schemes, (2) memoryless continuum, (3) schemes with memory, and (4)
an outline of some of the recent developments. The appendix contains
some notes which may help to familiarize the reader with some of the
lljcer‘ature in the field. The inclusion of many reference tables and a
bibliography with some 200 entries may also prove to be useful.
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The emphasis throughout the book is on such basic concepts as sets,
the probability measure associated with scts, sample space, random vari-
ables, information measure, and capacity. These concepts proceed from
set theory to probability theory and then to information and coding
theories. The application of the theory to such subjects as radar
detection, optics, and linguistics was not undertaken. We make no
pretension for “usefulness” and immediate application of information
theory. From an educational standpoint, it appears, however, that the
topics discussed should provide a suitable training ground for communi-
cation scientists.

The most rewarding aspect of this undertaking has been the pleasure
of learning about a new and fascinating frontier in communications. By
working on this book, I came to appreciate fully many subtle points and
ingenious procedures set forth in the papers of the original contributors
to the literature. I trust this attempt to integrate these many contribu-
tions will prove of value. Despite pains taken by the author, inac-
curacies, original or inherited, may be found. Nevertheless, I hope the
reader will find this work an existence proof of Shannon’s fundamental
theorem; that ‘“information” can be transmitted with a high degree of
reliability at a rate close to the channel capacity despite all forms of
“noise.”

At any rate, there is an eternal separation between what one strives for
and what one actually achieves. As Leon von Montenaeken wrote,

La vie est bréve,
Un peu d’espoir,
Un peu de réve,
Et puis—bonsoir.

Fazlollah M. Reza
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CHAPTER 1

INTRODUCTION

Information theory is a new branch of probability theory with exten-
sive potential applications to communication systems. Like several
other branches of mathematics, information theory has a physical origin.
It was initiated by communication scientists who were studying the
statistical structure of electrical communication equipment.

Our subject is about a decade old. It was principally originated by
Claude Shannon through two outstanding contributions to the mathe-
matical theory of communications in 1948 and 1949. These were fol-
lowed by a flood of research papers speculating upon the possible applica-
tions of the newly born theory to a broad spectrum of research areas,
such as pure mathematics, radio, television, radar, psychology, semantics,
cconomics, and biology. The immediate application of this new disci-
pline to the fringe areas was rather premature. In fact, research in the
past 5 or 6 years has indicated the necessity for deeper investigations into
the foundations of the discipline itself.

Despite this hasty generalization which produced several hundred
research papers (with frequently unwarranted conclusions), one thing
became evident. The new scientific discovery has stimulated the interest
of thousands of scientists and engineers around the world.

Our first task is to present a bird’s-eye view of the subject and to
specify its place in the engineering curriculum. In this chapter a
heuristic exposition of the topic is given. No effort is made to define
the technical vocabulary. Such an undertaking requires a detailed logical
presentation and is out of place in this informal introduction. However,
the reader will find such material presented in a pedagogically prepared
sequence beginning with Chap. 2. This introductory chapter discusses
generalities, leaving a more detailed and precise treatment to subsequent
chapters.* The specialist interested in more concrete statements may
wish to forgo this introduction and begin with the body of the book.*

1-1. Communication Processes. Communication processes are con-
cerned with the flow of some sort of information-carrying commodity in

* With the exception of Sec. 1-7, which gives a synopsis of information theory for
the specialist.
1



2 INTRODUCTION

some network. The commodity need not be tangible; for example, the
process by which one mind affects another mind is a communication pro-
cedure. This may be the sending of a message by telegraph, visual com-
munication from artist to viewer, or any other means by which informa-
tion is conveyed from a transmitter to a receiver. The subject matter
deals with the gross aspects of communication models rather than with
their minute structure. That is, we concentrate on the over-all per-
formance of such systems without being restrained to any particular
equipment or organ. Common to all communication processes is the
flow of some commodity in some network. While the nature of the com-
modity can be as varied as electricity, words, pictures, music, and art,
one could suggest at least three essential parts of a communication system
(Fig. 1-1):

1. Transmitter or source

2. Receiver or sink

3. Channel or transmission network which conveys the communiqué
from the transmitter to the receiver

Transmitter Channel Receiver

I'1a. 1-1. The model of a communication system.

This is the simplest communication system that one can visualize.
Practical cases generally consist of a number of sources and receivers and
a complex network. A familiar analogous example is an electric power
system using several interconnected power plants to supply several towns.

In such problems one is concerned with a study of the distribution
of the commodity in the network, defining some sort of efficiency of
transmission and hence devising schemes leading to the most efficient
transmission.

When the communiqué is tangible or readily measurable, the problems
encountered in the study of the communication system are of the types
somewhat familiar to engineers and operational analysts (for instance,
the study of an electric circuit or the production schedule of a manu-
facturing plant). When the communiqué is ““intelligence”” or "informa-
tion,” this general familiarity cannot be assumed. How does one define
a measure for the amount of information? And having defined a suitable

measure, how does one apply it to the betterment of the communication
of information?

To mention an analog, consider the case of an electric power network
transmitting electric energy from a source to a receiver (Fig. 1-2). At
the source the electric energy is produced with voltage V,. The receiver
requires the electric energy at some prescribed voltage V,. One of the
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problems involved is the heat loss in the channel (transmission line).
In other words, the impedance of the wires acts as a parasitic receiver.
One of the many tasks of the designer is to minimize the loss in the trans-
mission lines. This can be accomplished partly by improving the quality
of the transmission lines. A parallel method of transmission improve-
ment is to increase the voltage at the input terminals of the line. Asis
well known, this improves the efficiency of transmission by reducing
energy losses in the line. A step-up voltage transformer installed at
the input terminals of the line is appropriate. At the output terminals
another transformer (step-down) can provide the specified voltage to the
receiver.

Without being concerned about mathematical discipline in this intro-
ductory chapter, let us ask if similar procedures could be applied to the
transmission of information. If the channel of transmission of informa-
tion is a lossy one, can one still improve the efficiency of the transmission

1:n? n2:1

Source |V, n2y; To receiver |V,

F1a. 1-2. An example of a communication system.

by procedures similar to those in the above case? This of course depends,
in the first place, on whether a measure for the efficiency of transmission of
information can be defined.

1-2. A Model for a Communication System. The communication
systems considered here are of a statistical nature. That is, the per-
formance of the system can never be described in a deterministic sense;
rather, it is always given in statistical terms. A source is a device that
selects and transmits sequences of symbols from a given alphabet. Each
selection is made at random, although this selection may be based on some
statistical rule. The channel transmits the incoming symbols to the
receiver. The performance of the channel is also based on laws of chance.
If the source transmits a symbol, say A, with a probability of P{A} and
the channel lets through the letter A with a probability denoted by
P{A|A}, then the probability of transmitting A and receiving A is

P{A}-PlA|A)
The communication channel is generally lossy; i.e., a part of the trans-

mitted commodity does not reach its destination or it reaches the destina-
tion in a distorted form. There are often unwanted sources in a com-
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munication channel, such as noise in radio and television or passage of a
vehicle in the opposite direction in a one-way street. These sources of
disturhance arc gencrally referred to as noise sources or simply noise.
An important task of the designer is the minimization of the loss and the
optimum recovery of the original commodity when it is corrupted by the
effect of noise.

1n the deterministic electrical model of Fig. 1-2, it was pointed out
that one device which may be used to improve the efficiency of the system
is called a transformer. In the vocabulary of information theory a device

Transmitter Encoder >| Channel »| Decoder Receiver

Noise

Fia. 1-3. General structure of a communication system used in information theory.

that is used to improve the efficiency of the channel may be called an
encoder. An encoded message is less susceptible to channel noise. At
the receiver’s terminal a decoder is employed to transform the encoded
messages into the original form which is acceptable to the receiver. It
could be said that, in a certain sense, for more ‘“‘ efficient’’ communication,
the encoder performs a one-to-one mathematical mapping or an operation
F on the input commodity I, F(I), while the decoder performs the inverse
of that operation, F-1,

Encoder: r I F(I) 1-1)
Decoder: F-! F(I) I (-

This perfect procedure is, of course, hypothetical; one has to face the
ultimate effect of noise which in physical systems will prevent perfect
communication. This is clearly seen in the case of the transmission of
electrical energy where the transformer decreases the heat loss but an
efficiency of 100 per cent cannot be expected. The step-up transformer
acts as a sort of encoder and the step-down transformer as a decoding
apparatus.

Thus, in any practical situation, we have to add at least three more
basic parts to our mathematical model: source of noise, encoder, and
decoder (I'ig. 1-3). The model of I'ig. 1-3 is of a general nature; it may
be applied to a variety of circumstances.

_ A novel application of such a model was made by Wiener and Shannon
in their discussions of the statistical nature of the communication of
messages. It was pointed out that a radio, television, teletype, or speech
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transmitter selects sequences of messages from a known transmitter
vocabulary at random but with specified probabilities. Therefore, in
such communication models, the source, channel, encoder, decoder, noise
source, and recciver must be statistically defined. This point of view in
itself constitutes a significant contribution to the communication sciences.
In light of this view, one comes to realize that a basic study of communica-
tion systems requires some knowledge of probability theory. Communi-
cation theories cannot be adequately studied without having a good
background of probability. Conversely, readers acquainted with the
fundamentals of probability theory can proceed most efficiently with
research in the field of communication.

In the macroscopic study of communication systems, some of the basic
questions facing us are these:

1. How does one measure information and define a suitable unit for
such measurements?

2. Having defined such a unit, how does one define an information
source, or how docs one measure the rate at which an information source
supplies information?

3. What is the concept of channel? How does one define the rate at
which a channel transmits information ?

4. Given a source and a channel, how does one study the joint rate of
transmission of information and how does one go about improving that
rate? How far can the rate be improved?

5. To what extent does the presence of noise limit the rate of transmis-
sion of information without limiting the communication reliability ?

To present systematic answers to these questions is our principal task.
This is undertaken in the following chapters. However, for the benefit
of those who wish to acquire a heuristic introduction to the subject, we
include a brief discussion of it here.

1-3. A Quantitative Measure of Information. In our study we deal
with ideal mathematical models of communication. We confine our-
selves to models that are statistically defined. That is, the most sig-
nificant feature of our model is its unpredictability. The source, for
instance, transmits at random any one of a sct of prespecified messages.
We have no specific knowledge as to which message will be transmitted
next. But we know the probability of transmitting cach message
directly, or something to that cffect. If the behavior of the model were
predictable (deterministic), then recourse to measuring an amount of
information would hardly be necessary.

When the model is statistically defined, while we have no concrete
assurance of its detailed performance, we are able to describe, in a sense,
its “over-all” or “average’’ performance in the light of its statistical
description. In short, our search for an amount of information is virtu-
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ally a search for a statistical parameter associated with a probability
scheme. The parameter should indicate a relative measure of uncer-
tainty relevant to the occurrence of each particular message in the message
ensemble.

We shall illustrate how one goes about defining the amount of informa-
tion by a well-known rudimentary example. Suppose that you are faced
with the selection of equipment from a catalog which indicates n distinet
models:

[1}1,22, . ,13,.]

The desired amount of information I(z;) associated with the selection of a
particular model x; must be a function of the probability of choosing x;:

I(ze) = f(P{a)) (1-2)

if, for simplicity, we assume that each one of these models is selected
with an equal probability, then the desired amount of information is
only a function of n.

L) = 1(1) (1-20)

Next assume that each piece of equipment listed in the catalog can be
ordered in one of m distinct colors. If for simplicity we assume that the
selection of colors is also equiprobable, then the amount of information
associated with the selection of a color ¢, among all equiprobable colors
[61,62, e ,Cm] is

L) = fPles)) = 7( L) (1-2b)

where the function f(z) must be the same unknown function used in
Eq. (1-2a).

Finally, assume that the selection is done in two ways:

1. Select the equipment and then select the color, the two selections
being independent of each other.

2. Select the equipment and its color at the same time as one selection
from mn possible equiprobable choices.

The search for the function f(z) is based on the intuitive choice which
requires the equality of the amount of information associated with the
selection of the model z, with color ¢, in both schemes (1-2¢) and (1-2d).

Iz and o) = Li(zy) + i) = f(%) + f(;h) (1-20)
Iz and ¢)) = f(—l—) (1-2d)

mn
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Thus f (,l;) +f (%) - (%;) (1-3)

This functional equation has several solutions, the most important of
which, for our purpose, is
fx) = — log (1-4)*
To give a numerical example, let n = 18 and m = 8.

I(zx) = log 18
Iy(c;) = log 8
I(zx and ¢;) = In(z) + I:(cy)
I(z: and ¢;) = log 18 + log 8 = log 144

Thus, when a statistical experiment has n equiprobable outcomes, the
average amount of information associated with an outcome is log n. The
logarithmic information measure has the desirable property of additivity
for independent statistical experiments. These ideas will be elaborated
upon in Chap. 3.

1-4. A Binary Unit of Information. The simplest case to consider is a
selection between two cquiprobable events K, and E,. E, and E, may
be, say, head or tail in a throwing of an “honest” coin. Following Eq.
(1-4), the amount of information associated with
the selection of one out of two equiprobable
events is

E E.
— log 15 = log 2 ! 2
An arbitrary but convenient choice of the base of N
the logarithm is 2. In that case, — logs 34 = 1 Fi6. 1-4. A probability
. . . . oy - o space with two equi-
provides a unit of information. This unit is probable eventa.
commonly known as a bit.T

* Another solution is

f(z) = number of factors in decomposition of % in product of primes with minus sign

For example, let n = 18, m = 8; then

n=2.3.3 f(;‘)=-3

m=2-2.-2 {(%)-—3
mn=2-2.2.2-3.3 f(an)- -6

In information theory we require that f(z) be a decreasing function of the probability
of choices. This narrows down the solution of Eq. (1-4) to k log z, where k is & con-
stant multiplier. [For an axiomatic derivation, see Sec. 3-19 or A. Feinstein (I).]

t When the logarithm is taken to the base 10, the unit of information corresponds
to the selection of one out of ten equiprobable cases. This unit is sometimes referred
to as.a Hartley since it was suggested by Hartley in 1928. When the natural base is
used, the unit of information is abbreviated as nat.
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Next consider the selection of one out of 22, 23, 24 . . . | 2¥ equally
likely choices. By successively partitioning a selection into two equally
likely selections, we come to the conclusion that the amounts of informa-
tion associated with the previous
selection schemes arc, respectively,
2,3,4, ..., N bits.

In a slightly more general
case, consider a source with a
finitc number of messages and
their corresponding transmission

probabilities.
l.l‘],.(‘z, PR ,.’Cn]
[])[1:1})[){'[2’) LI )[){In”

The source selects at random each
one of these messages. Successive
selections are assumed to be statis-
Fia. 1-5. Successive partitioning of the tically independent. The probabil-
probuability space. ity associated with the selection of

message zx is P{x;}. The amount
of information associated with the transmission of message z, is
defined as

I = — log P{x.}
I is also called the amount of self-information of the message vy, The
average information per message for the source is

I = statistical average of /v = — ¥ Pl log Pl (1-5)
k=1

For instance, the amount of information associated with a source of the
above type, transmitting two symbols 0 and 1 with equal probability, is

= —(% log 15 + 15 log 1) = 1 bit

If the two symbols were transmitted with probabilities « and 1 — «,
then the average amount of information per symbol becomes

I=—aloga—(1-a)log(l—a) (1-6)
The average information per message [ is also referred to as the entropy
(or the communication entropy) of the source and is usually denoted by

the letter H. For instance, the entropy of a simple source of the above
type is

H(pupy, - .. jpa) = —(p11og p1+ palog ps + * - - + p, log pa)
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where (p1,ps, . . . ,pa) refers to a discrete complete probability scheme.
Figure 1-6 shows the entropy of a simple binary source for different
message probabilitics.

Next, consider a second similar source having m symbols, and designate
the amount of information per symbol of the two sources by H(n) and
H(m), respectively. If the two sources transmit their symbols inde-
pendently, their joint output might be considered as a source having mn
distinet pairs of symbols. It can be
shown that for two such independent AH(p. I-p)
sources the average information per
joint symbol is

H(mn) = H(m) + H(n) 1btph———= I
The formal derivation of this relation :
is given in Chap. 3. 1 >p
1-6. Sketch of the Plan. From a  ° V2 1

mathematical point of view, the Fia. 1-6. The entropy of an independ-
heuristic exposition of the previous ent dwcrete memoryless  binary
two sections i1s somewhat incomplete. souree.

We still need to formalize our understanding of the buasic concepts
involved and to develop techniques for studying more complex physical
models. It was suggested that, given an independent source S which
transmits messages z; from a finite set

[131,1‘2, PR ,$n]
[P{z.},P{z.}, . . . ,P{za}]
there is an average amount of information I(x) associated with the inde-
pendent source S.

I(x) = expected value or average of J(x;) for all messages

Our next step is Lo generalize this to the case of random variables with
two or more not necessarily statistically independent dimensions, for
instance, to define the amount of information per symbol of a scheme
having pairs of statistically related symbols (zx,5:). This investigation
in turn will lead to the study of a channel driven by the source supplying
information to that channel. It will be shown that the average informa-
tion for such a system is .

Expected value of I(ze,yx) = I(X;Y)* '(1-7)

* This consideration will be further generalized to the study of the transinfor-
mation in discrete and continuous channels. We ghall study the upper bound for
transinformation under a variety of plausible circumstances. Previously we men-
tioned our use of many undefined technical terms such as event, probability of an
event, discrete random variable, expccted-value source, statistical independence,
channel, code, encoding and decoding, channel capacity, etc. These terms as well as

many other technical terms will be clearly defined as they are introduced later in the
beok. -
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From a physical point of view, the above model may be viewed in a
simpler fashion. Consider a source transmitting any one of the two
messages z; and z; with respective probabilities of @ and 1 — a. The
output of this source is communicated to a receiver via a noisy binary
channel. The channel is described by a stochastic matrix:

a 1-a
1-b b

When z, is transmitted, the probability of a correct reception is a and
otherwise 1 — a. Similarly, when z, is transmitted, the probability of
correct and incorrect receptions are b and 1 — b, respectively.

It will be shown (Chap. 3) that there is an average amount of informa-
tion I(X;Y) associated with this model which exhibits the rate of the
information transmitted over the channel. This, in turn, raises a basic
question. Given such a channel, what is the highest possible rate of
transmission of information over this channel for a specified class of
sources? In this manner, one arrives in a natural way at the concept of
channel capacity and efficiency of a statistical communication model.

In the above example, the capacity of the channel may be computed by
maximizing the information measure I(X;Y) over all permissible values
of a.

In short, with each probability scheme we associate an entropy which
represents, in a way, the average amount of information for the outcomes
of the scheme. When a source and a receiver are connected via a channel,
several probability schemes such as conditional and joint probabilities
have special significance. An important task is to investigate the physi-
cal significance and the interrelationships between different entropies
in a communication system. The formal treatment of these relations
and the concept of channel capacity is presented in several chapters of
the text.

The reader acquainted with probability theory may regard information
theory as a new branch of that discipline. He can grasp it at a fair speed.
The reader without such a background has to move much more slowly.
However he will find the introductory material of Chap. 2 of substantial
assistance in the study of Chaps. 3 and 4. An introductory treatment of
a random variable assuming a continuum of values is given in Chap. 5.
Chapter 6 presents a general study of averaging and moments. The
rgader with such a background will readily recognize the entropy func-
tions that form the nucleus of information theory as moments of an
associated logarithmic random variable: — log P{X}. Thus the entropy
appears to be a new and useful form of moment associated with a proba~
bxllt_y scheme. This idea will serve as an important link in the inte-
gration of information and probability theories. Chapter 7 gives a concise
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introduction to multinormal distributions, laws of large numbers', and
central-limit theorems. These are essential tools for the proof of the
main theorems of information theory.

Chapters 8 and 9 extend the information-theory concept to random
variables assuming a continuum of values (also continuous signals).
The probability background of Chaps. 2, 5, 6, 7, and 10 is in most part
indispensable for the study of information theory. However, a few
additional topics are included for the sake of completeness, although they
may not be directed toward an immediate applicaton.

Chapter 10 presents a bird's-eye view of stochastic theory, followed
by Chap. 11, which studies the information theory of stochastic models.
A slightly more advanced consideration (but perhaps the heart of the
subject) appears in Chap. 12.

A main application of the theory thus far seems to be in the devising
of an efficient matching of the information source and the channel, the
so-called coding theory. The elements of this theory appear in Chaps. 4
and 13. The Appendix is designed to introduce the reader to a few of
the many topics available for further reading in this field.

1-6. Main Contributors to Information Theory. The historical back-
ground of information theory cannot be covered in a few pages. IFor-
tunately there are several sources where the reader can find a historical
review of this subject, e.g., The Communication of Information, by E. C.
Cherry (Am. Scientist, October, 1952), and “On Human Communica-
tion,” by the same author (John Wiley & Sons, Inc., 1957). (In Chap.
2 of the latter book, Cherry gives a very interesting historical account of
developments leading to the discovery of information theory, particularly
the impact of the invention of telecommunication.)

As far as the communication engineering profession is concerned, it
seems that the first attempt to define a measure for “the amount of
information” was made by R. V. L. Hartley* in a paper called Trans-
mission of Information (Bell System Tech. J., vol. 7, pp. 535-564, 1928).

Hartley suggested that “information’’ arises from the successive selec-
tion of symbols or words from a given vocabulary. From an alphabet
of D distinet symbols we can seleet DV different words, each word con-
taining N symbols. If these words were all equiprobable and we had to
select one of them at random, there would be a quantity of information I
associated with such a selection. Furthermore, Hartley suggested the

* The work of Hartley was greatly influenced by a law which was simultaneously
discovered in 1924 by Nyquist in the United States and Kupfmuller in Germany.
The Nyquist-Kupfmuller law states that for transmitting telegraph signals at a given
rate a definite-frequency bandwidth is required. Among those who contributed to the
refinement of this law, which has been closely interwoven with the concept of a
measure of information, are D. Gabor (1946) and D. M. Mackay (1948).
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logarithm to the base 10 of the number of possible different words D¥ as
the quantity of information I = N log D.

The main contributions, which really gave birth to the so-called
information theory, came shortly after the Second World War from
the mathematicians C. E. Shannon and N. Wiener. Wiener’s mathe-
matical contributions to the field of Fourier series and later to time series,
plus his genuine interest in the field of communication, led to the foun-
dation of communication theories in general. His two books, ‘ Cyber-
netics”’ and “Extrapolation, Interpolation, and Smoothing of Stationary
Time Series’” (1948 and 1949), paved the way for the arrival of new
statistical theories of communication. In a paper entitled The Mathe-
matical Theory of Communication (Bell System Tech. J., vol. 27, 1948),
Shannon made the first integrated mathematical attempt to deal with
the new concept of the amount of information and its main consequences.
Shannon’s first paper, along with a second paper, laid the foundation for
the new science to be named information theory. Shannon’s earlier
contribution may be summarized as follows:

1. Definition of the amount of information from a semiaxiomatic
point of view.

2. Study of the flow of information for discrete messages in channels
with and without noise (models of Figs. 1-1 and 1-3).

3. Defining the capacity of a channel, that is, the highest rate of trans-
mission of information for a channel with or without noise.

4. In the light of 1, 2, and 3, Shannon gave some fundamental encod-
ing theorems. These theorems state roughly that for a given source
and a given channel one can always devise an encoding procedure leading
to the highest possible rate of transmission of information.

5. Study of the flow of information for continuous signals in the pres-
ence of noise, as a logical extension of the discrete case.

Subsequent to his earlier work, Shannon has made several additional
contributions. These have considerably strengthened the position of the
original theory,

Following Wiener’s and Shannon’s works an unusually large number of
scientific papers appeared in the literature in a relatively short time. A
bibliography of information theory and allied topics might now, 13 years
after the publication of Shannon’s and Wiener’s works, contain close to
1,000 papers. This indicates the great interest and enthusiasm (per-
haps overenthusiasm) of scientists toward this fascinating new discipline.
Here it would be impossible to give a detailed account of the contribu-
tions in this field. The reader may refer to A Bibliography of Informa-
tion Theory, by F. L. Stumpers, and also to IRE Transactions on Infor-
mation Theory (vol. IT-1, no. 3, pp. 31-47, September, 1955).

Even though a historical account has not been attempted here, the
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names of some of the contributors should be mentioned in passing. Bell
Telephone Laboratories appears to be the birthplace of information and
coding theory. Among the contributors from Bell Labs are E. N. Gilbert,
R. W. Hamming, J. L. Kelley, Jr., B. McMillan, S. O. Rice, C. E.
Shannon, and D. Slepian. P. Elias, R. M. Fano, A. Feinstein, D.
Huffman, C. E. Shannon, N. Wiener, and J. A. Wozencraft of the
Massachusetts Institute of Technology have greatly contributed to the
advancement of information and coding theory. Information theory
has received significant stimuli from the works of several Russian mathe-
maticians. A. I. Khinchin, by employing the results of McMillan and
Feinstein, produced one of the first mathematically exact presentations
of the theory. Academician A. N. Kolmogorov, a leading man in the
field of probability, and his colleagues have made several important con-
tributions. A few of the other Russian contributors are R. L. Dobrushin,
D. A. Fadiev, M. A. Gavrilov, I. M. Gel'fand, A. A. Kharkevich, V. A.
Kotelnikov,* M. Rozenblat-Rot, V.I. Siforov, and I. M. and A. M. Iaglom.

The afore-mentioned names are only a few of a long list of mathema-
ticians and communication scientists who have contributed to information
theory. Some other familiar names are D. A. Bell, A. Blanc-Lapierre,
L. Brillouin, N. Abramson, D. Gabor, S. Goldman, I. J. Good, N. K.
Ignatyev, J. Loeb, B. Mandelbrot, K. A. Meshkovski, W. Meyer-Eppler,
F. L. Stumpers, M. P. Schutzenberger, A. Perez, W. Peterson, A.
Thomasian, R. R. Varsamov, J. A. Ville, P. M. Woodward.

A list of those actively engaged in the field would be too long to be
included here. Reference to some of the current work will be found in
the text and in the bibliography at the end of the book.

For a comprehensive list, the reader is referred to existing bibliog-
raphies such as those by Stumpers, Green, and Cherry. Recent con-
tributions to information theory have been aimed at providing more exact
proofs for the basic theorems stated by earlier contributors. A state of
steady improvement has been prevailing in the literature.

McMillan, Feinstein, and Khinchin have greatly enhanced the elegance
of the theory by putting it on a more elaborate mathematical basis and
providing proofs for the central theorems as earlier stated by C. E.
Shannon. These contributors have confirmed that under very general
circumstances, it is possible to transmit information with a high degree
of reliability over a noisy channel at a rate as close to the channel capacity
as desired.

J. Wolfowitz derived a strong converse of the fundamental theorem of
information theory. Among other important theorems, he proved that
reliable transmission at a rate higher than the channel capacity is not pos-

* Kotelnikov is known particularly for the development of the theory of potential
noise immunity in the presence of white gaussian noise.
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sible. In the past 2 or 3 years a large number of scientists have become
interested in integrating some of the work on encoding theory within the
framework of classical mathematics. Reference will be made to their
work in Chaps. 13 and 14.

8. Kullback has described the growth of information theory from its
statistical roots and emphasized the interrelation between information
theory and statistics (Kullback).

The study of time-varying channels has also received considerable
attention. Among those who have contributed are C. E. Shannon, R. A.
Silverman and 8. H. Chang, and V. 1. Siforov and his colleagues.

To sum up, the present trend in information theory seems to be as
follows: From an engineering point of view, a search for applications of
the theory (radar detection, speech, telephone and radio communication,
game and decision theory, and particularly implementation of codes) is
evident, while the mathematician is still seeking for more rigor in the
foundation of the theory and elegance par excellence.

1-7. An Outline of Information Theory. If we were to make a two-
page résumé of information theory for those scientists with a broad back-
ground of probability theory, the following could be suggested.

1. The average amount of information conveyed by a discrete random

variable ¥ about another discrete random variable X is suggested by
C. E. Shannon.

O\ P X=12,Y =
I(X;Y) = z 211{)( =1z, Y =y} log P{;( — x";})[Y J;}k! (1-8)
1=1 k=1

This definition can be generalized to cover not only the case of two or
more random variables assuming a continuum of values but also the more
general case of random vectors, generalized functions, and stochastic
processes (Gel’fand and Iaglom*).

2. The channel is specified by P{Y = %X = z;} for all encountered
integers ¢ and k. The largest value of the transinformation I(X;Y)
obtained over all possible source distribution P{X = z.} is called the
capacity of the channel [Shannon (I)].

The definition of the channel capacity can be subjected to generaliza-
tions similar to those suggested in 1.

3. Let X and Y be two finite sets of alphabets with z € X and y €. Y.
The simplest channel is specified by P{ |z € X}. Now consider words
of n symbols selected from the X alphabet. These words will be denoted

*I. M. Gel'fand and A. M. Iaglom, Calculation of the Amount of Information
about a Random Function Contained in Another Such Function, Uspekhi Mat.

Nauk 8.8.8.R. (N.8.), vol. 12, no. 1(73), pp. 3-52, 1957; or Am. Math. Soc. Transl.,
ser. 2, vol. 12, 1959.
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by u € U and their corresponding received pairs by v € V. This is an
nth-order extension of the channel.

4. Given a source P{X = z.}, a channel P{ |X = z;}, and their
respective nth-order extensions, then to a specified message ensemble U, we
may associate a partitioning of the V space such that

U — By k=1,2, ... ,N
B.N\B, =9 fork=j k=12 ...,N
P{B;‘|uk} Zl—k k=1,2, c e ,N

\ a specified positive
number usually very small

This is a decision scheme which in turn specifies a code (N,n,\) [A.
Feinstein (I)].

5. The central theme of information theory is the following so-called
fundamental coding theorem. Given a source, a channel with capacity C,
and two constants

0<KH(LC 0<AKl1

it can be shown that there are an integer n = g(\,H) and a code (N,n,\)
with (N = function of A and n) > 2"#. Thisis the coding theorem stating
the possibility of transmitting information at a rate H < C over a noisy
channel under specified circumstances.

6. Iurther elaborate mathematical treatment of the concepts of infor-
mation theory was presented by B. McMillan, who extended the defini-
tion of source and channels from a Markov chain to stationary processes.
A proof of the fundamental theorem of 5 as well as a clear understand-
ing of the concepts involved in 5 is due to Feinstein. Khinchin con-
siderably improved the status of the art in general and gave a proof of
the fundamental theorem of 5 for the case of stationary processes. A
converse of the fundamental theorem of 5 is due to J. Wolfowitz, who also
gave sharper estimates than those given in 5. Remaining quecstions
include the search for more general encoding theorems along the lines
suggested in 1. A recent step in this direction was taken by C. E.
Shannon.* The search for engineering applications, particularly low-
error probability codes, is ever increasing.

PROBLEMS

1-1. An alphabet consists of four letters 4, B, C, D with respective probabilities of
transmission 14, }4, 14, 1. Find the average amount of information associated with
the transmission of a letter.

* C. E. Shannon, Probability of Error for Optimal Codes in a Gaussian Channel,
Bell System Tech. J., vol. 38, no. 3, pp. 611-656, 1959.
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1-2. An independent, discrete source transmits letters selected from an alphabet
consisting of three letters 4, B, and C, with respective probabilities

pa = 0.7 pe = 0.2 pe =0.1

(a) Find the average entropy per letter.

(b) Tf consecutive letters are statistically independent and two-symbol words are
transmitted, find all the pertinent probabilities for all two-letter words and the
entropy of the system of such words.

1-8. Plot the curve y = —z logs x for

0<z<1

1.4. A pair of dice are thrown. We are told that the sum of the faces is 7. What
is the average amount of information contained in this message (that is, the entropy
associated with the probability scheme of having the sum of the faces equal to 7, 8,
ce, 12)7

1-6'. An alphabet consists of six symbols 4, B, C, D, E, and F which are transmitted -
with the probabilities indicated below:

A 0 1
B 01 14
c 011 1%
D o111 e
E 01111 14,
F 011111 V4

(a) Find the average information content per letter.

(b) If the letters are encoded in a binary system as shown above, find P{1} and
P (0} and the entropy of the binary source.

1-6. A bag contains 100 white balls, 50 black balls, and 50 blue balls. Another bag
contains 80 white balls, 80 black balls, and 40 blue balls. Determine the average
amount of information associated with the experiment of drawing a ball from each
bag and predicting its color. The result of which experiment is, on the average,
harder to predict?

1-T. There are 12 coins, all of equal weight except one, which may be lighter or
heavier. Using information-theory concepts, show that it is possible to determine
which coin is the odd one and indicate whether it is lighter or heavier in not more than
three weighings with an ordinary balance.

1-8. Bolve Prob. 1-7 when the number of coins is N. What is the minimum num-
ber of weighings?

1-9. There are seven coins, five of equal weight and the remaining two also of
equal weight but lighter than the first five coins. Find the minimum number of
weighings necessary to locate these two coins. * -

*For a general discussion of coin-weighing problems, see A. M. Iaglom and

I. M. Iaglom, “Probabilité et information” (translated from Russian), Dunod,
Paris, 1959, ‘



PART 1

DISCRETE SCHEMES WITHOUT MEMORY

. choose a set of symbols, endow them with certain properties and
postulate certain relationships between them. Next, . . . deduce further
relationships between them. . . . We can apply this theory if we know
the “exact physical significance” of the symbols. That is, if we can find
objects in nature which possess exactly those properties and inter-relations
with which we endowed the symbols. . . . The “pure” mathematician
is interested only in the inter-relations between the symbols. . . . The
“applied” mathematician always has the problem of deciding what is the
exact physical significance of the symbols. If this is known, then at any
stage in the theory we know the physical significance of our theorems. But
the strength of the chain depends on the strength of the weakest link, and
on occasion the link of ‘‘physical significance” is exceedingly fragile.

J.E.Kerrich, “ An Experimental Introduction to the Theory of Probability "
Belgisk Import Co., Copenhagen






CHAPTER 2

BASIC CONCEPTS OF DISCRETE PROBABILITY

2-1. Intuitive Background. Most of us have some elementary intui-
tive notions about the laws of probability, and we may set up a game or an
experiment to test the validity of these notions. This procedure is
much like the so-called classical approach to the theory of probability,
which was commonly used by mathematicians up to the 1930s. How-
ever, this approach has been subjected to considerable criticism; indeed,
the literature on the subject contains many contradictions and contro-
versies in the writings of the major authors. These arise from the
intuitive background used and the lack of well-defined formalism and
rigor. Thus, the experiment or game is usually defined by assuming
certain symmetries and by accepting certain results a priori, such as the
idea that certain possible outcomes are equally likely to occur. For
example, consider the following problem: Two persons, 4 and B, play a
game of tossing a coin. The coin is thrown twice. If a head appears in
at least one of the two throws, A wins. Otherwise, B wins. Intuitively,
it seems that the four following possible outcomes are equally probable:

(HH), (HT), (TH), (TT)

where H denotes head and T denotes tail. A may assume that his
chances of winning the game are 34, since a head occurs in three out of
four cases (to his advantage). On the other hand, the following reason-
ing may also seem logical. If the outcome of the first throw is H, A
wins; there is no need to continue the game. Accordingly, only three
possibilities need be considered, namely:

(H), (TH), and (TT)

where the first two cases are favorable to A and the last one to B. In
other words, the probability that A wins is really 24 instead of 34. The
intuitive approach in this problem thus seems to lead to two different
estimates of probability.*

The twentieth century has witnessed enormous advances in the rigor-
ous axiomatic treatment of many branches of mathematics. It is true

* The reasoning which assumes the equiprobable outcomes is incorrect. See also
Prob. 2-38,

19
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that the axiomatic approach is essentially present in the familiar euclidean
geometry and is, in a way, a very old principle. But it was not until the
early twentieth century, when the formal and logical structure of mathe-
matics was given serious, systematic study, that its fundamental and
profound implications were recognized. Actually, however, the ground-
work for the axiomatic treatment was laid by mathematicians such as
Peano, Cantor, and Boole during the middle of the nineteenth century.
The later efforts of Hilbert, Russell, Whitehead, and others led to a com-
plete reorientation of the basic formulations, bringing mathematics to its
present level.

Although consideration of the axiomatic treatment is not our subject
here, it may be interesting to point out its general nature. First, a
necessary set of symbols is introduced. Then certain inference or oper-
ation rules are given for the desired formal manipulation of the symbols,
and a proper set of axioms is determined. The formal system thus
created must be consistent; that is, the axioms must be independent and
noncontradictory. Strictly speaking, the derivation of the theorems is
manipulation of symbols without content, using axioms as a starting
point and applying the rules of operation. The fundamental nature of a
formal system is by no means obvious, and the limitations are even today
under very careful study.

A rather new branch of mathematics exists which deals in an axiomatic
manner with properties of various abstract spaces and functions defined
over these spaces. This is the so-called ‘“measure theory.” In the late
1930s and early 1940s attempts were made to put the probability calculus
on an axiomatic basis. The work of Kolmogorov, Doob, and many others
has contributed greatly toward this aim. Today formal probability
theory is an important branch of measure theory (in a strictly formal
sense), although the epistemological meaning of probability itself is
subject to philosophical discussion. This latter aspect has been studied
by several profound thinkers (von Neumann, Carnap, Russell, Fisher,
Neyman, and many others).

Today engineers and research scientists recognize that they must have
a working knowledge of the powerful tools of twentieth-century mathe-
matics. Although completely axiomatic and rigorous treatment of this
subject is far beyond the scope of this discussion, a classical presentation
would be out of date, as it would completely forgo the important modern
contributions to the theory. Under these circumstances, it seems that a
survey of the modern theory of probability at a nonprofessional level will
be E.L.reasonable compromise. Most engineering students are not very
familiar with concepts of probability, and it is important that they gain
some appreciation of them.

In what follows, some elementary concepts of the theory of sets or
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so-called “‘set algebra’ must first be introduced. Then these concepts
are used to introduce the fundamental definitions of the theory of proba-
bility. Such a presentation allows a much wider application of the
probability theory than does the older approach, which is inadequate for
attacking a large class of modern problems.

2-2. Sets. The word set, in mathematics, is used to denote any collec-
tion of objects specified according to a well-defined rule. Each object in a
set is called an element, a member, or a point of the set. If z is an element
of the set X, this relationship is expressed by

reX z belongs to X (2-1)
When z is not a member of the set X, this fact is shown by
2 EX z does not belong to X (2-2)
For example, if X is the set of all positive integers, then
5€X
vV2EX
-3EX

A set can be specified by either giving all its elements or stating the
requirements for the elements belonging to the set. If a, b, ¢, and d are
the only members of a set X, then we may write either

X = {a)brc;dl (2'3)
or X = {z} (24)

In the latter case z designates a general element of X with the under-
standing that the rule for identifying the members of X is known. For
example, if the set X consists of the number of dots on the faces of a die,
then we may write

X ={1,2,34,5,6}

If the set X consists of all rectangles with an area of 1 square foot we may
write X = {z}, denoting by z any general rectangle having the specified
area.

When every element of a set A is a member of a set B, we say that A isa
subset of B. This relationship is expressed by either of the forms

ACB A is contained in B (2-5)
or BDA A is a subset of B (2-6)

For example, if A is the set of positive integers and B the set of all rational
numbers, then_4 is a subset of B.
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The sets A and B are said to be equal if they have exactly the same ele-
ments, that is, if

ACB
and ADB (2-7)
then A=B

For instance, if the set A consists of the roots of the equation
zz+ D@2 —4)(x—-3) =0

and B = {-2,—-1,0,2,3)
C = {z} z being any integer such that |z| < 4
then cCOA
CDOB
ADB

A28 a-s

In many instances, when dealing with specific problems, it is most con-
venient to confine the discussion to objects that belong to a fixed class of
elements. This is referred to as a universal set. Tor example, suppose
that, in a certain problem dealing with the study of numbers, it may be
required to define the set of all integers I, or the set of positive numbers
P, or the set of perfect square integers S. All these sets can be looked
upon as subsets of the larger set of all real numbers. This latter set
may be considered as the universal
set U, a definition which is useful in
U dealing with the specific problem

under discussion.
g.’ In problems concerned with the
interrelationship of sets, an illustra-
tive diagram called a Venn* diagram
is of considerable visual assistance.
Fre. 2-1. Example of a Venn diagram.  The elements of the universal sct in
a Venn diagram are generally shown
by points in a rectangle. The elements of any set under consideration are
commonly shown by a circle or by any other simple closed-eontour inside
the universal set. The universe associated with the aforesaid example is
illustrated in Fig. 2-1.
A set may contain a finite or an infinite number of elements. When &
set has no element, it is said to be an empty or a null set. For example,
the set of the real roots of the equation ’

2224+1=0

is a null set.
* Named after the English logician John Venn (1834-1923).
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2-3. Operations on Sets. Consider a universal set U of any arbitrary
elements. U contains all possible elements under consideration. The
universal set may contain a number of subsets A, B, C, D, . . . which
individually are well-defined sets. The operation of union, intersection,
and complement is defined as follows:

The union or sum of two sets A and B is the set of all those elements
that belong to A or B or both.

The intersection or product of two sets A and B is the set of all those ele-
ments that belong to both A and B.

The difference B — A of any set A relative to the set B is a set consist-
ing of all elements of B that are not elements of A.

)
)

F1a. 2-2. Sum or union 4 + B. F1a. 2-3. Intersection or product A - B.

F1a. 2-4. Complement. Fi1a. 2-5. Difference A — B.

The complement or negation of any set A is the set A’ containing all ele-
ments of the universe that are not elements of 4.

In the mathematical literature the following notations are commonly
used in conjunction with the above definitions.

AUB A union B, or A cup B (2-8)
ANB A intersection B, or 4 cap B (2-9)
A4 —-B relative complement of B in 4 (2-10)
BCA B is contained in 4

~ A complement of A (2-11)

In the engineering literature the notations given below are primarily
used.

A+ B sum or union (2-12)
A-Bor AB intersection or product (2-13)
A-B difference (2-14)

A’ complement (2-15)
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For the convenience of the engineer we shall generally adhere to the latter
notations. However, where any confusion in notation may occur we shall
resort to mathematical notation.

The universe and the empty set will be denoted by U and @, respectively.
When the product of two sets 4 and B is an empty set, that is,

ANB=9¢ (2-16)

the two sets are said to be mutually exclusive. When the product of the
two sets A and B is equal to B, then B is a subset of A.

ANB=B8B implies BCA (2-17)

The sum, the product, and the difference of two sets and the comple-
ment of any set A are illustrated in the shaded areas of the Venn diagrams

A

Fie. 2-6. Mutually exclusive sets. Fig. 2-7. Subset BC A. AB = B.
4B = 0.

of Figs. 2-2 to 2-5. Figures 2-6 and 2-7 illustrate the sets referring to
Egs. (2-16) and (2-17).

Example 2-1. Let the universe consist of the set of all positive integers, and let

A = (1,2,3,6,7,10}
B = {3,4,8,10}
C = (z)

where z is any positive integer larger than 5.
Find A +B,A-B,A-B,A-C,B-C,(C'yand 4 + B + C.
Solution
A 4+ B = {1,2,3,4,6,7,8,10}
A-B = (3,10}
A - B = {1,2,6,7}
A-C = [6,7,10}
B-C = {810}
¢ = (1,2,3,4,5}
(A+B)+C=U - (5)

2-_4. Algebra of Sets. We now state certain important properties con-
cerning operations with sets. Let A, B, and C be subsets of a universal
set U; then the following laws hold.
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Fi1a. 2-8. Distributive law. A(B + C) =

F1a. 2-9. Distributive law. A4 + BC

AB + AC. (4 + B)(4 + 0).
N —— —
— 7 e—
A B |} +—a— B ~
IL “\ j\l VA
— AL
 S— S—
Fia. 2-10. Dualization. (4 + B)’ Fig. 2-11. Dualization. (AB)’
A'B'. A’ + B'.
Commutative Laws:
A+B=B+ A (2-18)
AB = BA
Assoctative Laws:
(A+B)+C=A+4+(B+0) (2-19)
(AB)C = A(BC)
Distributive Laws:
AB+ C) = AB + AC (2-20)
A+BC=(A+B)A+0
Complementarity:
A+ 4 =T (2-21)
AAd' =@
A4+U=U (2-22)
AU = A
A+9=4 (2-23)
AP =90
Difference Law:
(4B)+(A-B)=4A
(AB)(A—-B) =49 (2-24)

4 —-B=AF
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Dualization or De Morgan’s Law:

(A+ B)Y = A'B (2-25)
(4B = A"+ B
Involution Law:
4’y = A (2-26)
The complement of the set A’ is the set A.
Idempotent Law: For all sets 4,

A+ A=A (2-27)
AA = A

While the afore-mentioned laws are not meant to offer an axiomatic
presentation of set theory, they are of a fundamental nature for deriving
a large variety of identities on sets. The agreement of all these laws with
the laws of thought can be verified. One assumes that an element z is a
member of the set of the left side of each identity, and then one has to
prove that « will necessarily be a member of the set of the right side of the
same equation. For instance, in order to prove the distributive law
[Eq. (2-20)], let

€ A(B + ()
Then
zE€E A
€ (B+0C)
Then at least one of the following three cases must be true:
(@) z€ A b))z A c)zE A
zEB zE€C zEB
reC
These are in turn equivalent to
(a) € AB ) z e AC (¢) x € ABC
but ABC C AB
Therefore it is sufficient to require
& AB + AC

Similarly, one can show that x € AB 4+ AC implies z € A(B + C).
The Venn diagram is often a very useful visual aid. Its use is of valua-

ble assistance in solving problems, as long as the formal proofs are not
overlooked.

Example 2-2. Verify the following relation:
(A+B) — AB = AB' + A'B
Solution. By virtue of the third relation of Eqgs. (2-24),
(4 + B) — AB = (A + B)(ABY
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Application of De Morgan’s law yields

(4 + B)(AB)' = (A + B)(4’ + B')
(A+B)(A'+B)=AA+AB+BA+BB=AB + A'B

For an alternative proof, let
£ € (A + B) — AB]

Then only one of the following two cases is possible:

(@zE A ®) zEB
zEB zE A
These cascs are equivalent to
@zE A , b rEB ’
tl!eB'}zEAB IEA’}IGAB

Note that AB' and A’B are mutually exclusive sets. Similarly, one can show that all
the elements belonging to the set at the right side of the above equation also belong
to the set of the left side. Thus the two sides present equivalent sets.

Example 2-3. Express the set composed of the hatched region of Fig. E2-3 in
terms of specified sets.

Solution. The desired set A is

A = A1Ay + 4245 + A A4,
See Fig. E2-3.

Ay A, A, U

A, A,

¥Fic. E2-3
Example 2-4. Verify the relation
(A+B)YC=C—-CA+B)

Solution. We may wish to verify the validity of this relation by using the Venn
diagram of Fig. E2-4. The left side of this equation represents the part of the set C
that is not in 4 or B. The right side represents C — CA — CB, that is, the part of C
that is not included either in A4 or in B.

Fie, E2-4
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Example 3-6. Consider the relay circuit of Fig. E2-5. The setup contains coils
which must be activated for closing or opening the corresponding relay. A4, B, and C
are normally open relays and A’, B, and C’ are normally closed relays which are
respectively activated by the same controlling source. For instance, when relay A
is open because of the effect of its activating coil, A’ is closed. In order to have a
current flow between the terminals M and N, we must have the set of relay operations
indicated by ABC + AB'C + A’B’C. With this in mind, the question is to replace
the given network by a less complex equivalent circuit.

A B C A
——— p—
A B C c
Mo——j—H N Mo—] t—N
A B ¢ B’
i —
(a) »
Fia. E2-5

Solution. A way of simplifying the above expression is the following:

F = C(AB + AB' + A'B)
F = C[A(B + B') + A'B’]
F = C(AU + A'B")
F=CA+A'B)
F=CA+B)

A circuit presentation of this example iy illustrated in Fig. E2-5b.
Example 2-8. Verify the equivalence of the two relay circuits of Fig. E2-6.

A B A A
F——i i A
A B B B’
I__"._J IL Il
(a) »
Fic. E2-6

Solution. The set that corresponds to the operation of the circuit in Fig. E2-6b is
(A +B)(A'+ B)
Direct multiplication gives
AA' 4+ AB' 4+ BA' 4+ BB’ = AB' + A'B
The latter set can be immediately identified with the circuit of Fig. E2-6b.

Shefler-stroke Operation. Examples 2-5 and 2-6 have illustrated some
use of Boolean algebra in relay circuits. As another example of the use of
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x 0
° (X1Y)
Y o

F1G. 2-12. Sheffer stroke.

Boolean algebra in engineering problems, we discuss briefly what is
referred to as the Sheffer-stroke operation. This operation for two sets X
and Y is denoted by (X|Y) and is defined by the equation

X|y)=Xx9VY not X, or not ¥, or not X and ¥

The Sheffer stroke commonly illustrated by the three-port diagram of
Fig. 2-12 has the distinct property that it can replace all three basic

x o o
Y o o

F1a. 2-13. Product operation by two Sheffer strokes.

XuYy

Fi6. 2-14. Summing operation by three Sheffer strokes.

operations of Boolean algebra (sum, product, and negation). The
validity of this statement can he exhibited in a direct manner.

Fig. 2-15. Operation of negation with a Sheffer stroke.

Propuct OPERATION. Reference to the diagram of Fig. 2-13 suggests
that

((XINIX|Y) = (X' VYY)
= (XNY))Y=XNY

SumMiNGg OPERATION. The diagram of Fig. 2-14 suggests
(XIXOIY|Y) = (X|X) J(Y|Y)
=XVUY

NecaTioN. Reference is made to the diagram of Fig. 2-15.
XIX)y=XVX =X
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9-p. Functions. In this section, some well-defined objects or numbers
will be associated with each and every element of a given set. The rule
on which this relationship is based is commonly known as function.

Domain Range

F1a. 2-16. Domain X and range Y.

If X = {z}isasct and y = f(x) is a rule, that is, a sequence of specified
operations and correspondence for assigning a well-defined object y to
every member of X, then by applying this rule to the set X, we obtain a
set ¥ = {y}. The set X is called the domain and Y the range. When z
covers the elements of X, then y will correspondingly cover the elements
of Y. For example, let X be the set of all persons living in the state of
California on January 1, 1959, and let the function be defined as follows:
anyone who is the father of a person described by X and is in the state of
Colorado on January 1, 1959. Assuming that all the words appearing in
the rule, such as father, California, Colorado, are well-defined words, this
may be considered as a well-defined function. To each member of X
there corresponds an object in the set Y. In this example, element zero
in ¥ corresponds to some of the elements of X, and several members of X
might have a unique correspondent in Y.

As another simple example, consider the set

X = {1)210:_2)_1;}/710}
and the function

f@) =2t -1
which lead to the set

Y = [0)3: - 113)07 - %199}

The domain of = and the range of y are shown in Fig. 2-16, the corre-
spondence being one-to-one from X to the Y set.

Example 2-7. A set of ordered pairs s = {(z,y)}, that is, a set of points in the
rectangular coordinate system, is given in Fig. E2-7a.
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(c)

Fic. E2-7

(a) Describe the elements of the subset a = {(z,y)|y < z}.
(b) Describe the elements of the subsct b = s — a.
Solution

(a) See Fig. E2-7h.

(b) Sec Fig. E2-7c.

Numerical Functions. Functions that have numerical values are the
most common type. We can define the basic algebraic operations for a
family of numerical functions defined over a specific domain X = {z}.
For instance, if f1(z), f2(x), and fa(x) = const = khave a common domain,

J1(z) + fa(z)
kf(z), kfa(zx) (2-28)
f1(z) - f2(2)

are also defined over the same domain.
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As a particularly interesting case of numerical function, consider the
correspondence between the elements of a set having a finite number of
elements and a set of positive integers. Such functions have the follow-
ing basic property: If A and B are two disjoint sets having a number of a
and b elements, respectively, then the number of elements of the set
A+ Bis

n(AUB) =n(4) +nB)=a+b (2-29)

where n(X) means the number of elements in the set X. The number of
elements of a finite set has the simple but important property of being a
real additive function. In other words, assume that A and B are them-
selves subsets of a set S containing a finite number of subsets 4, B, C,
D, . ... Let fbe afunction that assigns a real number f(X) to each
X C §, such that for any two disjoint subsets of S we have

f(A\J B) = f(A) + f(B)

Then f is called an additive set function. This result, of course, holds for
the union of a finite number of disjoint subsets of S.

Equivalent Sets. Let A and B be two sets. A rule that associates with
each element a € A exactly an element b € B, and conversely, is said to
be a one-to-one correspondence between A and B. Two sets A and B are
equivalent if, and only if, a one-to-one correspondence between their ele-
ments can be established.

As an example, consider the set of all persons (A) living in New York
State and (B) living in the state of Arizona at a given time. Now if we
associate each person of A with the cardinal numbers 1 to N, inclusive,
and each person of B with the cardinal numbers 1 to M, inclusive, it is
clear that there is a one-to-one correspondence between the elements of
A + B and the set of cardinal numbers 1 to M + N, inclusive.

The number of elements in a set may or may not be finite. In the
latter case, if the elements of the set can be placed in a one-to-one corre-
spondence with the set of natural numbers

{1,2,3, . . .} (2-30)

we say that the set has a denumerable or countable number of elements.
For example, the number of elements in the set

(1,49,16, . . . ,n?, . . .}
is denumerably infinite. .
A common example of nondenumerable sets can be given by consider-
ing points on a straight line. Let z denote the abscissa of a point of the
line segment between points A and B with respective abscissa a and b.
The inequality

a<z<b
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indicates a set of points on the line AB that does not contain the end
points A and B. Such a set is termed an open inferval and is denoted by

la,b[ open interval ¢ <z < b (2-31)
Similarly, a closed interval is defined and denoted as follows:
[a,b] closed interval a <z <b (2-32)

It can be shown that the number of points in [0,1] are nondenumerable.*
If the set A is equivalent to the set of points in [0,1], it is said that A has
the power of continuum.}

The additive property of the function under consideration, i.e., the
number of elements in finite sets, makes the following relations self-evident.

n(A\J B) = n(A) + n(B) — n(4AB) (2-33)
n(A — B) = n(A) — n(AB)
n(4) + n(4") = n(U) (2-34)

For a set containing three subsets A, B, and C one can derive
n(A\JUBUC) =n[(4) U (BUQO)]
n(A\JUBUC) =n(d) +n(BUC) —n(AB U AC) (2-35)
n(4A U BV C) = n(A) + n(B) + n(C) — n(BC) — n(AB)

- n(AC) + n(ABC)

The following example is designed to employ the additive property of
the afore-mentioned set functions.

Example 2-8. There are three radio stations A, B, and C which can be received in
a town of 3,000 families. The following data are given:

(a) 1,800 families listen to station A.

(b) 1,700 families listen to station B.

(¢) 1,200 families listen to station C.

(d) 1,250 families listen to stations A and B.

(e) 700 families listen to stations A and C.

(f) 600 families listen to stations B and C.

(¢9) 200 families listen to stations A, B, and C.

* See 1. P. Natanson, “ Theory of Functions of a Real Variable” (translated from
Russian), p. 21, Frederick Ungar Publishing Co., New York, 1955.

{ For a more complete mathematical treatment of probability, one has to examine
in detail the operations on numerical functions associated with operations on denumer-
able and nondenumerable sets. Such a detailed undertaking is avoided here for the
sake of brevity lest the average reader find the text too elaborate. Nonetheless, for
the sake of logical completeness, we shall try now and then to remind the reader of
missing links. Here are some of the theorems that had to be omitted in this intro-
ductory presentation.

1. The sum of a finite number of disjoint denumerable sets is denumerable.

2. The set of all rational numbers is denumerable.

3. The sum of a denumerable number of disjoint sets each with the power of con-
tinuum has itself the power of continuum. See T. M. Apostol, ‘Mathematioal
Analysis,” pp. 31-33, Addison-Wesley Publishing Company, Reading, Mass., 1957.
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Of course any family may listen to other stations besides the ones specified in each
case. The problem is to obtain the number of families who are not listening to any
station.

Solution. We draw the pertinent Venn diagram of Fig. E2-8 and, starting from the
bottom of the above list, indicate the corresponding
number of elements of each subset on the diagram.
The number of families in set g is 200. Thus, the
number of families listening to B and C but not
to A is

n(BCA') = n(BC) — n(BCA) = 600 — 200 = 400

Following this procedure one can obtain all
the numbers associated with cach disjoint set in
the Venn diagram. The total number of families
listening to one or more stations is 2,350. This
indicates that there are 650 families not listening
1o any of the above radio stations.

Fra. E2-8 Similur questions can easily be answered by

referring to the Venn diagram of Fig. E2-8. For

example, the number of families who are not listening to A but are listening either to
B or to C or Lo both is

nlA'(B\Y 0)) = n(4'B) + n(A’C) — n(A'BC)
n{A’(B\J ()] = 450 4+ 500 — 400 = 550

2-6. Sample Space. In this section we shall make preparations for
applying the concept of set theory to probability. When talking about
probability we usually have in mind what can be termed an erperiment
with certain outcomes. An outcome is any one of the possibilities that
may be expected from the experiment. The totality of all these outcomes
forms a universal set which is called the sample space. Each outcome is a
point of the sample space.

I'or example, the throw of an ordinary die may be considered as an
experiment having six possible outcomes. With this experiment we
associate a universal set containing six points, each corresponding to one
of the outcomes of the experiment:

{1,2,3,4,5,6}

If the die is thrown twice, the sample space associated with the experi-
ment contains 36 points corresponding to the following outcomes:

11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66

) A.sample space may be finite or infinite, if it contains a finite or an
infinite number of points, respectively. The sample space corresponding
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to a single throw of a die is finite. On the other hand, the sample space
corresponding to an experiment of throwing the die until a 6 appears is an
infinite space. It is possible to conceive a situation where one may have
to throw the die infinitely many times without obtaining a 6. A sample
space containing at most a denumerable number of elements is termed
discrete. Sample spaces containing a nondenumerable number of ele-
ments include the so-called ““contin-

uous sample space.” In this case _EventB+ /Sub event X
the range of the elements covers a I A
continuum of values in contrast with @ st
the discrete set of values in the dis- | -~ .’

crete sample space. e T

A subset of a sample space is called | CSNu" ?j'?'?t.a- A
an event. Thus, an event is a sub- | 7 -, oA <
set of a sample space containing Outcome y~~ \outcome x
any number of points or outcomes. FiG. 2-17. A probability space.
(See Fig. 2-17.)

An event containing no outcomes is a null set or an empty set and
represents an event that is impossible. An event containing all sample
points is an event that is certain to occur. This may be denoted by the
universal set U, which means that the event under consideration is bound
to occur. The outcome of an event implies the occurrence of any one of
its possible outcomes. The following glossary of terms may be of assist-
ance in the transition from the language of set theory to that of probability
theory:

U All possibilities.

C U A particular event.

= U Theevent A must occur (certain).
@ The event A is impossible.

A’ The event A does not occur.

C A ris any particular outcome of X.
The occurrence of z implies the
occurrence of A and X.

€ A yisnotan outcome of the event A.

= 8 8 is the event of the simultaneous
occurrence of events 4,B,C, . . .
D.

A+B+C+ 4+ D = 8 &§is the event of the occurrence of
AorBorCor - - - or D, orany
combination of these.

ABC --D= The events 4,B,C, . . . , D are
incompatible.

A+ B+C+ + D = U At least one of the events 4, B,

C, . . . , D must occur.

Y
ABC D
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Example 2-9. A traveler has the choice of traveling by car, train, plane, or any
combination of the three for a particular trip. Define the sample space and express
some of the events of interest.

Solution. Let C, T, and P correspond to the fact of traveling by car, train, or
plane, respectively. The following events are self-explanatory.

CTP traveling by car, train, and plane
CTP’ traveling by car and train but not by plane
CT traveling by car and train (with or without plane)
C 4+ T traveling by car, by train, or by car and train (may or may not take the
plane)
U — P not traveling by plane

Example 2-10. A traveler travels between cities M and N. The possible roads
are shown in Fig. E2-10. Define the sam-
ple space and the events that the traveler
goes through towns A, B, or both.
Solution. Assuming that the traveler
does not change direction while traveling,
the following selection of roads is possible:

15, 25, 146, 147, 246, 247, 36, 37, 345

A,

Fra. 1£2-10 The sample space has nine points; i.e., our

defined experiment may have nine distinct

outcomes. The event of passing through the town A (event E;) consists of any of

the three points 15, 146, and 147. The event of passing through the town B (event E,)

consists of any of the three points 147, 247, and 387. Finally the event of passing

through 4 and B (event E.E,) consists of a single point 147. Similarly, the following
events can ecasily be identified:

E.E, 15,146
E\E, 37,247

E\ + E, 15, 146, 147, 247, 37
E.E, 25,246, 36, 345

2-7. Probability Measure. In Sec. 2-5 on Functions we have asso-
ciated arbitrary set functions with the elements of sets. In particular, we
have outlined some numerical functions and observed certain rules such
as the additivity relation of Eq. (2-33), when the set function was the
number of elements in each set. The study of the mathematics of set
functions has its place in a branch of mathematics known as measure
theory. The probability measure is a specific type of function which can
be associated with sets. When dealing with abstract mathematics, one
may specify any arbitrary properties for the measure. However, the end
result in this study is probability as applied to the physical world. It is
mainly for this reason that we require our probability measure to fulfill
the requirements that will be described below. These requirements are
matters of convenience for our subsequent dealing with physical problems
rather than a mathematical necessity.
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An experiment is defined so that to each possible outcome of this
experiment there corresponds a point in the sample space. The number
of outcomes of this experiment is assumed to be at most denumerable.
The outcomes are labeled by symbols a;, and a single-valued real function
m{a} called the probability measure is defined. An event of interest A
is considered as the set of the outcomes ay giving rise to that event. The
probability measure of an event is defined as the sum of the probability
measures associated with all the outcomes a; of that event. Two events
A and B are termed disjoini if they contain no outcome in common. That
is, two disjoint events cannot happen simultaneously. The probability
measure has the following assumed propertics:

0 < m{A,) (2-36)*
m{A\J B} = m{A} + m{B} if A and B are disjoint (2-37)
m{X} =0 ifX =49 (2-38)
m{X} =1 if X = U (2-39)

For a more general case involving a continuous sample space one
employs the concept of integration. This is not considered here as it
requires rigorous mathematical treatment beyond the present scope of
interest. The interested reader is referred to ‘‘ Probability Theory’ by
M. Loéve (Chap. 1).

The above measure-theory approach is certainly valid. Any measure
satisfying the specified requirements, when applied to a problem involv-
ing sets, will lead to a consistent mathematical setup. For example, if
A, B, and C are subsets of a universal set U with an additive probability
measure, that is, the measure associated with the union of two disjoint
sets is equal to the sum of their individual measures, the following rela-
tions are valid:

m{A4} < m(B) . (2-40)
m{A) =m(B) —m(B— 4} 1TACB (2-40a)
m{Ad') = m{U — A} = m{U} — m{A} =1 - m{4)} (2-41)
m{A\U B} = m{(4 — AB) U B} = m{4} — m{AB} + m{B} (2-42)
m{A} + m{B} > m{AB} (2-43)
For three disjoint sets,

m{A\UB\UC} =m{A} + m{B} + m{C} (2-44)

* It is certainly plausible to assign measures which have numerical values greater
than one. While such measures can be consistently applied, they have no practical
significance as far as probability is concerned in dealing with physical problems.
Also note that the property stated in Eq. (2-38) can be derived from the other
properties.
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For three sets in general,

m{AU BV C} = m{A} + m(B} + m{C]
— m{AB} — m{BC} — m{CA} + m{ABC} (2-45)

Example 3-11. Consider a set of all intervals I contained in the closed interval
[0,1). With each and every interval I we associate a measure function L(I) equal to
the ordinary length of the same interval. See if such a measure satisfies the require-
ments of a probability measure.

Solution. The requirement of (2-36) is satisfied, as the length associated with
each member of the set is a nonnegative number between 0 and 1. The condition
(2-37) is fulfilled by nonoverlapping intervals (mutually exclusive sets). The require-
ments (2-38) and (2-39) are also met. For a more thorough discussion the reader is
referred to Crameér (Chap. 4, The Lebesgue Measure of a Linear Point Set).

2-8. Frequency of Events.* In Sec. 2-7 on Probability Measure an
introductory axiomatic account of probability as a mecasure of a set was
given. The object of this section is to supplement the set-theory point
of view with some perhaps less formal discussion of the probability of
occurrence of certain events of a defined experiment. In other words, we
wish to make a transition from the suggested abstract mathematical
measure to some empirical numerical function fulfilling the specified
measure requirements.

The first step toward this objective is to define an experiment such as
the tossing of a coin or the drawing of a card from a given deck of cards.
Next, all the outcomes of this experiment must be specified. Now con-
sider a specific event X, among all the possible events of the experiment
under consideration. If the basic experiment is repeated N times among
which the event X, has appeared n(X;) times, the ratio

n(X;,)
N

is defined as the relative frequency of the occurrence of the event X;. In
case N is increased indefinitely, intuitively speaking, the “limit”’ of

n(Xi)
N

as N — o« is the P{X,} probability of the event X;. This “definition”’
of probability is more elaborate than the classical definitien of Laplace
which defines the probability as the ratio of the number of favorable
events to the total number of possible events. In the latter definition
all events are considered to be equally likely, that is, throwing of a true-
* This section has been inserted to accommodate those who feel more familiar with
the old frequency concept. The intuitive concept of frequency requires a consider-
able amount of clarification before it becomes mathematically acceptable. This can

be done in the light of the laws of large numbers. The section may be omitted by
those who prefer mathematical accuracy to physical justification.

(2-46)
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die by an honest person under prescribed circumstances. It is to be
noted that

0<nXy) <N (247)
0< 2 oy (2-48)
0< lim 200 <1 (2-49)

Equation (2-49) states that the probability of any event X, is a real
number in the real interval [0,1].

0<P{Xy} <1 (2-50)

Considering an event that occurs in every observation yields the limiting
case P{X.} = 1, whichisa certain event. Also, an event that never occurs
will lead to the other limiting case,
P{z} = 0, which is an impossible
event. A'B’

We have thus far shown that this ; -
empirical definition of probability SEELg I
satisfies the requirements (2-36),
(2-38), and (2-39). It remains to be
seen whether the requirement (2-37)
holds or not. In order to verify this,
consider two particular events A and
B among the events that result from the experiment. Let the experiment
be repeated n times. Each observation can belong to only one of the
four following categories (Fig. 2-18):

1. A has occurred but not B, the event AB’.

2. B has occurred but not A, the event BA'.

3. Both A and B have occurred, the event AB.

4. Neither A nor B has occurred, the event A’B’.
Note that

Figc. 2-18. Probability space of two
events.

A =AB'U AB
B =BA'U AB
A\UB = AB'U AB\U BA'

If the number of events of each category is denoted by 71, ns, 73, and ny,
respectively, the following equations are self-explanatory:

nmtn+nt+n=n (2-51)
f{A}, relative frequency of A independent of B = 2%-—"" (2-52)

f{B}, relative frequency of B independent of A = 72:—"’ (2-53)
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f{A + B}, relative frequency of either 4, B, or both = m+ ':': + 7
(2-54)
f{ AB}, relative frequency of A and B occurring together = %’ (2-55)
f{A|B}, relative frequency of A under condition that B has occurred

2]
= 2-56
ng + Ma (2-56)
f{B|A}, relative frequency of B under condition that A has occurred
ng
2-57
ny + ns ( )
When the number of experiments tends to infinity, these simple relations
with proper interpretation lead to the addition law and multiplication
law:

P{A\UB} = P{A} + P{B} — P{AB) (2-58)
P{AB} = P{A}P{B|A} (2-59)
P{AB) = P{B|P{A|B) (2-60)

For the special case of mutually exclusive events, P(AB) = 0,
P{A + B} = P{A} + P(B] (2-61)

Equation (2-61) shows the validity of the requirement (2-37) for the
chosen set function termed the relative frequency of the event.

More specifically, we have proved that the probability measure defined
by Eq. (2-46) satisfies the following basic properties for all sets defined in
sample space:

0L P[A} L1 (2-62)

P{AUB} = P{A} + P[B} for mutually exclusive A and B (2-63)
Plz} =0 if, and only if, z = 0 (2-64)
Plz} =1 if, and only if, z = U (2-65)

Therefore the suggested definition of the frequency can serve as a proba-
bility measure. The implication of Eqs. (2-58) to (2-60) will be investi-
gated in subsequent sections.

The frequency approach is a rather common approach for defining the
probability when dealing with physical problems. Its mathematical
concept relies on the tacit assumption of an equiprobable measure, that is,
the equal likelihood of the outcome of the repeated experiments. We
assume that the measure associated with an event, in the case of the
repeated experiment, is proportional to the number of the outcomes in the
event under consideration. In essence, this assumption makes the fre-
quency definition somewhat too restrictive.

2-9. Theorem of Addition. It seems appropriate now to continue with



BASIC CONCEPTS OF DIRCRETE PROBABILITY 41

our formalism without restriction to an immediately practical but slow
procedure. For two events A and B of the sample space one has

AU (B - AB) = AUB (2-66)
The additive property of the probability measure in Sec. 2-7 suggests that
m{A + B} = m{A} + m{B} — m{AB}
P{A + B} = P{A} + P{B} — P{AB} < P{A} + P{B} (2-67)
If two events A and B are mutually exclusive, then
P{AB} = P{#} =0 (2-68)
P{A\U B} = P{A} 4+ P{B) (2-69)
For two opposite events A and A4’, one has A + A’ = U, and since
AA’ = 0, then
P{A\U A'} = P{A} + P{A'} = P{U} =1 (2-70)
P{A’} =1 - P{A}
For the three events 4, B, and C, we may write
P{AUBU C} = P{AUB} + P{C} — P{(A\JU B} (2-71)
P{AUBUC} = P{A} + P{B} + P{C} — P{AB} — P{BC}
— P{CA} 4+ P{ABC} (2-72)
This is indeed made clear by employing a pertinent Venn’s diagram,

P{ABC} being the probability of the simultaneous occurrence of the
three events. If the events are mutually exclusive, then

P{AUBVUC} = P{A} + P{B} + P{C} (2-73)
More generally, for a number of events 4, Az, . . . , A, one may write

P{A,\J 4, U - - - U A} = P{A + P{4) + - - - + P{AL}
bt I’{AlAz} hasl .P{AlA:, - - PtA,,,_lA,‘} + P{A1A2Azl
+P{-41A2A4} + - +P[Au—2A'n—1 e An} + -
+ (=1)"P{4,14s - - - A} (2-74)

By extension of the relation in Eq. (2-66), it can be shown without
difficulty that

P{A,\U A4, - - - A,} SP{A:) + P{4:) + - - - + P[4.} (2-75)

The equality sign holds when the events A; and A; are mutually exclusive
for all k » j.

Example 2-12. An urn contains 11 balls numbered from 1 to 11. If a.bal.l is
selected at random, what is the probability of having a ball with a number which is &
multiple of either 2 or 3?
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Solution. Let A and B be the events that the ball number is a multiple of 2 and 3,
respectively. The event of interest is 4 + B.

PlA] = 3{1
P(B} = 34,
P|AB} = }{,
P{A+ B} =531+ %1 — X1 =X

Example 2-13. One card is drawn from a regular deck of 52 cards. What ie
the probability of the card being either red or a king?

Solution. Let A be the event that the card is red, and B the event that the card
isa king. The event of interest is A + B. Where 4 and B are not exclusive events,
apply Eq. (2-67):

PlA} =13
P(B} = ¥{3
P{AB} = (}3) (%) = }¢
PlA + B} =3 + Ms — 56 = U3

Example 2-14. An honest coin is tossed 10 times. What is the probability of
having at least (a) one tail and (b) two tails?

Solution. The main assumption in this and in similar problems is the concept of
independence of successive trials and the equally probable outcomes.

Let A and B be the events of getting no tail and exactly one tail, respectively.
Then

PlA o1
4= (3)" = oz
1\ 10
PiB} =10 (z) 1,024
The events of interest are

(@) U—-A4=4’
, 1 _1,9_2'{,
PIA) =1 = 7553 = 7024

®) U-(A+B) =U-4)-B=4"—-B

1,022 10 _ 1,013

1,024 ~ 1,024 ~ 1,024
2-10. Conditional Probability. Consider two events A and B. The
conditional probability of event A based on the hypothesis that event B
has occurred is defined by the following relation:
_ P{AB] g
P{A|B} = P(B] P{B} =0 (2-76)
The use of this definition can be justified by returning to the pre-
viously treated case of Sec. 2-8. The frequency of the occurrence of
event A under the assumption that B has occurred is
AB}
ABy =" 277
f14|B) ne+ny  f{B} @70
By the same token, the frequency of the occurrence of B, knowing that 4
has already occurred, is

_ _m __ flAB] ¥
JiBlA} = nl-l-'na T fl4} (2-78)

P(A’ — B} =
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Increasing the number of trials indefinitely gives

P{A|B} = PIE{L;B" P(B} %0 (2-79)
Pala} = LR P4y =0 (2-80)

The two events A and B are said to be mutually independent if

P{A|B) = P{A} (2-81)
P{B|A} = P{B}

Note that for mutually independent events
P{AB} = P{A} - P{B} (2-82)

Equations (2-81) and (2-82) are alternatively used as the defining rela-
tions for two mutually independent events.*

Example 2-15. Three boxes of identical appearance contain two coins each. In
one box both are gold, in one box both silver, and in the third box one is a silver coin
and the other is a gold coin. Suppose that a box is selected at random and, further,
that a coin in that box is selected at random. If this coin proves to be gold, what is
the probability that the other coin in the box is also gold?

Solution. Let

Ay be the event that the other coin in the selected box is also gold (that is, the
selected box is gg box)

B, be the event that the first coin in the selected box is a gold coin

The desired probability is

P|(Ay|B,) =1’I_Bylz}:$%4£;
P(B,) =% % =15
Pld,) =14

P{Byl4,} =1

P(AylB,) = 1—;—;—5 =%

* For two independent events, the defining equation (2-81) holds, but when P{4}
=0 or P(B} =0, then P(B|A} or P{A|B} is not defined. For this reason some
authors prefer to define mutual independence in such & way that Eq. (2-81) remains
valid for all circumstances, including

P(A} =0 PlA}=1
P|B} =0 P{B}=1

For this purpose, the following defining equations are suggested (Fortet, p. 85):

P{AB} = P{A}P (B} P{A'B) = P{A'}P|{B}
P{AB'} = P{A|P{B') P(A'B'} = P|A’)P(B’)

Independent events are more specifically called statistically independent or stochasti-
cally independent.
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Example 2-16. In a certain.group of engineers, 60 per cent have insufficient back-
ground of information theory, 50 per cent have inadequate knowledge of probability,
and 80 per cent are in either one or both of the two categories. What is the per-
centage of people who know probability among those who have a sufficient background
of information theory?

Solution. Let

A be those having insufficient background of information theory

B be those having inadequate knowledge of probability
Then

P{A) = 0.60 P{A4’} = 0.40
P(B] =0.50 P{B') = 0.50
P(A+ B} =08 P{A+B) =P{A'B'}] 020

It is required to find

'R’
PB4 PIABI_ 020

"P(AT} 0.0
2-11. Theorem of Multiplication. The multiplication rule for the

case of two events A and B can be obtained through the definition of
the conditional probability.

P{AB} = P{A}P{B|A}
P{AB} = P{B}P|A|B} (2-83)

This rule can be extended to the case of more than two events. YFor
instance, for three events A, B, and C, one writes

P{ABC} = P{AB}P|C|AB}

= 50 per cent

= P{A}P{B|A}P{C|AB} (2-84)
More generally,
P{AA, . .. A} = P{A}P{A,|A}P{As|A14,) - - -
P{A,|A,A, . .. A} (2-85)
When a finite number or a countably infinite number of events A,,
A, . .., A, are mutually independent,* we have
P{A,A,, ... ,A,} = P{A,]P{A,} P{A,) (2-86)
* The events A,, Az, . . . , A, are said to be statistically independent of each other

when the probability of any of these events and the probability associated with the
intersection of any number of these events do not depend on any other event except
those occurring in the intersection. That is,

PlA|A:| = P[A.lPlA;}
P{A;A,Ax) = P[A)P(A,}P A4

P{A,A,, . .. A, =P{A,|P{A,} -+ P[As
for all combinations of ¢, j, and k satisfying

1<i<j<k<---<n
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Example 2-17. In a small library there are 1,000 books, among which 500 are
scientific. Among the scientific books are 100 which are devoted to engineering
subjects. Three books are chosen at random, the chosen book being replaced each
time. What is the probability of getting

(a) All three scientific books

(b) Three scientific books among which only one is an engineering book

(¢) At least one of the three an engineering book

Solution. Let S and E stand for the event of selecting a scientific and an engineer-
ing book, respectively. The events of interest discussed in the problem are

(a) 81828,

(] (S1E) (S:E")(S:E") + (8,E")(8:E)(S:E") + (S:E")(8:E")(S:E)
() U — E\E,E,

(@) P(818:8:} = P[S:1]P(8:)P(8:} = (}4)* = ¢

) P(SE)} = P{E|S)P{S)

P{SE} = ¥5-35 = Mo
P{SE’} = P{E'|S] - P{S)
P(SE'}) =46 -15 = %o
3P{(S1E)(S:E)(S:E")} =3 -¥o Ho 4o = 0.048
() P{U — E\E,E,} =1 — P(E\E,E,]
P{U — E\E;E;} =1 — (¥o)? = 0.271

Example 2-18. Four persons write their names on individual slips of paper and
deposit the slips in a common box. Each of the four draws at random a slip from the
box. Determine the probability of each person retrieving his own name slip.

Solution. Let Ei be the event that the kth person retrieves his own name slip.
The event of intcrest is E,E.E;E,. Equation (2-85) yields

P[EIEZEdEll = PlEllEzEaEll 'P[EzlElEc} 'PIEJIEA, 'PlEa}
P(E\E:E;E ) = 1141414 = Y44

Example 2-19. The probability of the closing of each relay of the circuit of Fig.
E2-19 is a given a. Assuming that all relays act independently, what is the proba-
bility of a current existing between terminals A and B?

Jll lI2
1 "
A -—QB
IL IL
|I3 |I4
Fic. E2-19

Solution. Let the event of closing each relay 4, 2, 3, and 4 be E, Ey, Es, and E,,
respectively. The four events are independent but not necessarily mutually exclusive.
The event of interest is

E = E\E; + E;E,
P(E} = P(E\E, + E:;E.} = P{E\E,} + P(E;E.\} — P(E.\E,E;E,)
P{E} = P|E\|P|Es) + P(E,)P(E} — P{E:|P{E:|P|E:)P{E]
P(E} = 2a% — at
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Note that
P{0} =0
Pl{1} =1
0<PlE} L1 for0 €£a<1

2-12. Bayes’s Theorem. In many problems we wish to concentrate
on two mutually exclusive and exhaustive events of the sample space,
that is, two events A, and A; such that

A4, =0
A+ A, =T (2-87)
The assumption is that each of these events has a subevent of special
interest to us. If the subevents are indicated by EA, and EA,, then the
event of interest E = EA; + EA, can occur only when A, or A; occurs.
The conditional probabilities P{E|A;:} and P{E|A,} are assumed to be
known; we are also given the information that E has occurred. The
problem is to determine how likely it is that I has occurred because of the
occurrence of either of the two events A; and A,. In mathematical
notation, given
1’{A1} = w1 P[Az} = w2 (2-88)
A1+A2=U A1A2=ﬂ
PlE|Ai} = p P{E|4.} = p,

find ’{ A,|E} and P{A,E}.
The computation can be done in a direct way by applying the rule of
addition and multiplication. Note that
E=A,EJ AE (2-89)
As A\E and A.E are mutually exclusive events, we may write
P{E} = P{A\E} + P{A.E}

These probabilities can be calculated as follows:

P{AIE} = PlAl]P{ElAl}

P(4:E} = P{4,}P{E|4,] (2-90)
Therefore,
P{E} = P{A\}P{E|A,} + P{A.)P(E|A.)}
P{4,E) = PlA:E} _ P{A:|P{E|A
' P{E} ~ P{A\|P{E|4,] + P{A.}P(E[4.] (2-91)
P{4.|E} P{A.E} _ P{A,}P{E|A,)

P{E] ~ P{A\IP[E[4.} + P{4,}P(E[4,}
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Finally one finds
P{A\E} = —&P1__
(4B} w1P1 + wePs (2-92)
- w3P2
Pl4.|E) wip1 + waPe

The probabilities expressed in Eqs. (2-92) are called the a posteriori
probabilities of A, and A,, given E. The probabilities wip; and waps
are termed the a priori probabilities of E, given A, and 4;. Equations
(2-92) provide a means for calculating the a posteriori probabilities from
the a priori probabilities. Equations (2-92) are known as Bayes’s rule.
It is of interest to note that Bayes’s rule applies to a partitioned sample
space, as shown in Fig. 2-19. The events 4, and A, may each consist of

|

|

>

b e o ——— —— -

~

(a) (b)

Fia. 2-19. (a) Thévenin’s partitioning. A,, a part of the network; A,, the remainder
network. (b) Bayes’s partitioning.

sets containing a number of subevents. Electrical engineers may note
that Bayes’s rule is somewhat similar to Thévenin’s theorem in network
theory. Thévenin’s theorem permits a partitioning of the network into
two parts and a study of the system with respect to one pair of terminals
of the partitioned boundary.

Bayes’s theorem, like Thévenin’s theorem, can be extended to a parti-
tioning of the sample space into mutually exclusive and exhaustive parts.
Suppose that an event E can occur as a result of the occurrence of several

mutually exclusive and exhaustive events A, As, . . . , As.. Let the
corresponding conditional probabilities be given as

P[EIAk} = D& k= 1, A (] (2-93)
and let

P {Ab] = Wy

Then, by the law of addition, we have

E=AE+ AE+ -+ + AE (2-94)

P{E} = P{A\E + AE + - - - + A.E) (2-95)

PlE} =wpr+ wpa + * * * + wnPn (2-96)
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The question is to find the a posteriori probability of the occurrence of
event A, given the occurrence of E.

P{A«)P{E|As} _ P{A:}P(E|A:}

PlAJE} = P(E) — (2-97)
Y, PIE|A;}P(A))
7=1
or, equivalently,
> 7 — kP n
PLAE) wipr + WPz + ¢+ waPa (2-98)

This equation comprises what is known as Bayes’s thcorem.

Example 2-20. Let U,, U,, U7; be three urns with two red and one black, three red
and two black, and one red and one black balls, respectively. One of the three urns
is chosen at random and a ball is drawn from it. The color of the ball is found to be
black. What is the probability that it has been chosen from U;?

Solution. This is an example of a situation where Bayes’s theorem can be applied.
Let E be the event that a black ball has been drawn; A, is the event that the 7th urn
has been chosen, 7 = 1, 2, 3.

Then

P{E|A:} =14  P|E|A,| =25 P(E|4;} =%
Also, P|A|E} = Plchoosing urn Ublack ball drawn}
_ _PlAJP[EA))

3
Y PiEIA P4,
1=1
- 1515 _15
U8+ 26+ 18 37

Example 2-21. Three urns are given:

Urn 1 contains two white, three black, and four red balls.

Urn 2 contains three white, two black, and two red balls.

Urn 3 contains four white, one black, and one red ball.

One urn is chosen at random, and two balls are drawn from that urn. If the two
balls happen to be white and red, what is the probability that they were drawn from
urn 3?

Solution. Let A, = event of choosing urni,i =1, 2, 3

RW = event of choosing a red and a white ball
We want P{4,|RW}.

Using Bayes’s rule,

P(A,}P{RW|A,} —
PILIRW) s P IRWIATT F PIAPIRWIA F PIA P RWIA:
But Pl{A:} = P{A,] = P{A;] = 14

PRW|A,) = —g— = %
2)

6

(—Ejﬁ

P|EW|A,)
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4 _4
6 15
(2) e
- 8- s -2
Therefore, PlAsRW} = 15036 + %1 + Ha) 61

P{RW|4:} =

Bayes’s* theorem comprises one of the most used, and occasionally
misused, concepts of probability theory. In many problems an event
may occur as an “effect”’ of several ‘“causes.” From a number of obser-
vations on the occurrence of the effect, one can make an estimate on the
occurrence of the cause leading to that effect. This rule is frequently
applied to communication problems, particularly in the detection of sig-
nals from an additive mixture of signals and noise. When the detecting
instrument indicates a signal, we have to make a decision whether the
received signal is a true one or a false alarm due to undesired signals
(noise) in the system. Such decisions are generally made possible by an
application of Bayes’s rule which is also called the rule of inverse proba-
bility. The decision criterion may be made more effective by introducing
some kind of weighting coefficients called loss mairiz and minimizing the
over-all “loss.”

2-13. Combinatorial Problems in Probability. In many problems
involving choice and probability, the number of possible ways of arrang-
ing a given number of objccts on a line is of interest. For example, if
three persons A, B, and C are standing in a line, the probability that A
remains next to B can be calculated as follows: There are six different
arrangements possible:

ABC ACB BAC  BCA CAB CBA

Of these arrangements, there are four desirable ones. Thus, if the
concept of equiprobable measures is assumed, the probability in question
is 24.

Combinatorial problems have a limited use in our subsequent studies.
For this reason, we shall give only a review of the most pertinent defini-
tions in this section. The reader interested in combinatorial problems
will find a considerable amount of information in Feller (Chaps. 2 to 4).

Permutation: A permutation of the elements of a finite set is a one-to-
one correspondence between elements of that set (such a correspondence
is also called a mapping of the set onto itself). For example, if a set

* Reverend Thomas Bayes's article An Essay towards Solving a Problem in the
Doctrine of Chances was published in Philosophical Transactions of the Royal Society
of London (vol. 1, no. 3, p. 370, 1763). However, Bayes’s work remained rather
unknown until 1774, when Laplace discussed it in one of his memoirs.
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contains only four objects 4, B, C, and D, we may write two equivalent
sets

A,B,C,D and B,C,A,D

A B C D B C A D
The ordered sets,[ 1 2 3 4]and[1 2 3 4 ] are two per-

mutations of the elements of the original set, since

A- B
B- C
c. A (2-99)
D- D

The following definition is of considerable assistance in dealing with
combinatorial problems.
Factorial: The factorial function for a positive integer n is defined as

nl=nn—-1)n—2) - 4-3-2-1 (2-100)
with the additional convention
ol=1 (2-101)
The number of different permutations of a set with n distinct elements is
Po=nn—-—1)n-2) --4:-3-2-1=n! (2-102)
Combination: The number of different permutations of r objects
selected from n objeccts is
n!
n — !

Every permutation of elements of a set contains the same elements but in
different order. When two sets of objects are in one-to-one correspon-
dence so that some of the elements of one do not appear in the other they
are called different combinations. For example, if we combine the mem-
bers of the set {A4,B,C,D} two by two, AB, AC, DB are different com-
binations but AB and BA are not.

The number of different combinations of 7 objects taken r_at a time is
Pr n!

T T = (2-104)

Pr=nn—-1)n-2) n—r+4+1) = (2-103)

Cr =

When confusion will not result, one may use the notation (:1) for C,".
Note that
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The following theorem is often used in combinatorial problems. Let
a set contain k mutually exclusive subsets of objects:

‘ {A,A, . . . AL}
with A; = {an,a., . . . 6} i=12 ...,k

(2-106)

n, being the number of elements in the set A;, The number of permuta-
tions of the total number of elements n is

n!
nllng! -t 'nk!

(2-109)

In fact, one has to divide the number of permutations of n objects by
n! (forz = 1,2, . . . , k) since the permutations of the identical objects
of the A; set cannot be distinguished from each other. For example,
the number of color permutations of three black and two white balls is

5! 5 X4

3@~ o — 10

Binomial Expansion: Let n be a positive integer; then

(a + b)n = q" 4+ (;") a1 + (:) an—2b2 + -

+ (:) a—b 4+ - - b0 (2-110)

or
@+ b = a* + nawip + 222D gospr
4 n = 13)!(n 2) gt 4 - - - b (2-111)

A useful display of a binomial coefficient is given in a table which is
called Pascal’s triangle:
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(o) 1

1 1
0 1 11
N (2\ (2
(0) (1) (2) 121 (2112
N3\ (3\ (3
; X ) (3 1331

@ O @ G @  reee

In the following a number of simple examples dealing with permuta-
tions and combinations are presented. In these examples, the primary
assumption is that the probability is given by the frequency of the event,
under consideration; that is, the concept of equiprobable measure prevails.
Hence, such problems are reduced to a study of the ratio of the favorable
cases to all possible cases. In this respect the formula of combinatorial
analysis will be used.

Example 2-22. What is the probability of a person having four aces in a bridge
hand?

Solution. The number of all possible different hands cquals the combination of
13 from 52 cards. For the number of favorable cases onc may think of first removing
the four aces from the deck and then dealing all possible combinations of hands 9 by 9.
The addition of the four aces to each one of these latter hands gives a favorable case.

(48) ( _10-11-12-13 _ 11
= 39-50-51-52 51 - 52 4,165
Example 2-28. Two cards are drawn from a regular deck of cards. What is the
probability that neither is a heart?

Solution. Let A and B be the events that the first and the second card are hearts,
respectively; then we wish to know P(A'B’}.

P{A') =1 - P{4)] = =3
nan _ PlA'B'}
P{B'lA l = a}TlZTr
Therefore 1“lAl - ‘%: 34 =1%4

If we wish to apply combinatorial principles, we may say that the number of all
. . . 2 . 3
possible cases of selecting two cards is (g ) The number of favorable cases is (29).
Therefore the probability in question is

(39) _(52) _ 39! 21501 _39-38 _ 19
' 21371 52! 51.52 34

2-14. Trees and State Diagrams. The material of this section is
intended to offer a graphical interpretation for certain simple problems of
probability which arise in dealing with repeated trials of an experiment.
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For example, suppose that a biased coin is tossed once; the outcome may
be denoted by H and T and shown by the diagram of Fig. 2-20. Simi-
larly, if the coin is tossed twice, the second set of outcomes may be shown
in the same treelike diagram. If the probability of getting a head is
denoted by p, then the probability of getting, say, HT can be directly
computed from the weighted length of the associated tree path, that is,

p(1 — p)
If it is desired to obtain the probability of getting a head and a tail

57 _—~B
A
w
1/2 s
1/2 35
3 B
P ~w
Fia. 2-20. A simple tree diagram. Fi6. 2-21. An example of a probability tree.

irrespective of their order, then the answer to the problem is given by
summing up the two weighted tree paths.

p(1 —p)+ (1 — p)p = 2p(1 — p)

This simple graphical procedure can be used profitably in certain types of
problems. The following are examples of such problems.

Example 2-24. The urn A contains five black and two white balls. The urn B
contains three black and two white balls. If one urn is selected at random, what is
the probability of drawing a white ball from that urn?

Solution. From the tree diagram of Fig. 2-21 one can see that the probability of
the cvent of interest is the sum of the following measures:

-3 +35-36 = 1%
Example 2-26. Find the probability that at least three heads are obtamed in a

sequence of four throws of an honest coin.
Solution. From a tree diagram or from the binomial expansion one obtains

(:) 09+ (g) (36)%038) = Mo + He = He

If a coin is tossed n times, we note that the probability of getting, say,
exactly r heads (r < n) is the sum of the tree measures of all tree paths

leading to r heads and n — r tails. Since there are (1:) such states, it is
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found that the desired probability is

(M- - e (2-113)

The tree diagram can easily be drawn for experiments with a finite
number of outcomes. In the problems discussed thus far in this section,
it is tacitly assumed that the outcomes of each experiment remain inde-
pendent of the previous experiments. In engineering terminology such
experiments are said to lack memory. For these experiments the
probability of any outcome is always the same. That is, an outcome of
the nth trial has exactly the same probability of occurrence as in the kth
trial (k # n). This type of experiment leads to the concept of so-called
independent stochastic processes. In certain types of problems an out-
come may be influenced by the past history or ‘“memory” of the experi-
ment. Such experiments are termed dependent stochastic processes.’
Among the latter type, perhaps the simplest ones are those experiments
in which the probability of an outcome of a trial depends on the outcome
of the immediately preceding trial. These are called Markov processes.

Let an experiment have a finite number of n possible outcomes, a,,
@3, . . . ,and a,, called states. We assume the process to be of the finite
Markov type and initially in the state k. For a Markov process, we
specify a table of probabilities associated with transitions from any state
to any other state. This is called a probability transition matriz.

ay Qa2 as LR /
QG|Pu Pz Pis " P
az| P21 P22 P23 " DPan
3| Psr Paz Psa " D (2-114)
Qn| Pn1 Pn2 Pn3a " Dnan

pit = plaila;} denotes the probability that the next outcome of the experi-
ment will be the state k, given that the immediately preceding experiment
led to the state j. Note that in a transition probability matrix the sum
of all elements of each row must equal unity.

One of the most common problems associated with the Markov process
is, given that it started with state 7, to find the probability of reaching the
state k after a specified number of steps r, that is, p{asla;}*? = py.
This question has a rather simple answer, namely, (1) draw the tree
diagram, (2) select all tree paths connecting the node representing the
state j to that of the state k in r steps, and (3) add the corresponding tree
measures. This procedure is exemplified in the tree diagram of Fig.
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222forr = land r = 2. When r = 1, the answer is obvious:
Plala;}® = Pla;} P{ax|a;) (2-115)

For r = 2 one has to add the probabilities of reaching state a; from the
state a; in all possible ways, that is, the sum of the measures associated

(c) (d)
F1a. 2-22. Trees for a finite chain. (@) r=1. B r=2. ()r=1. (d)r =2

with all three paths connecting a, to a; in two steps.
Plaie,}® = P{a;}[P{ai|a,} Plaslar} + P{asla;} P{aclas)

| + - - - + Plada) Plaas)]
= Pla) ¥ Plafo}Plada) = Pla) 3 P Pa
Forr = 3, = ' .
Plads]® = Pla)'y 3 Plais)Plaja) Ploo)
By defining the initial probabilaity ;f different states as a diagonal matrix,
Pla,} 0 ce 0
0 Pfas 0

[Po®] =
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we can sum up the above development in concise matrix notation. That
is, for any states j and k we have

[P{ajla:} ] = [Pp®][P]

Similarly,
[P{a;|a} @] = [PpO][P][P] = [Pp®][P]

For the general case,
[P{ajlar} "] = [Pp©@][P] (2-116)

This relation determines the probability P{a,a:} for any values of j,
k, and r.

Consider next the probability of reaching the state a; in r steps, given
that the initial state could have been any a;, 7 = 1,2, . . . , n, that is,
the probability of getting to a. (in r steps) when any of the » states could
have been the initial state. Let this probability be symbolized by
Pla:| }©. Figure 2-22¢ and d illustrates the case for r = 1 and r = 2,
respectively.

Forr =1,
Plal J® = ¥ Pla)Plaa)
Forr = 2, T
Plal 1@ =Yy Pla}P(aelPlale,)
Forr = 3, et

Pla] 1@ =3 Y 3 Pla}Pla,|a:)Plaia,}P(aslan)
i=1g=1h=1
The matrix formulation follows immediately. Let [P°] be a row matrix
describing the initial probabilities [P|a,}, P{a.}, . . . , P{aa}]; then

[Pla }®] = [PO][P]
. [Pla] @] = [PO][P]?
For the general case,
[Play| }@] = [PO]P) (2-117)

This relation determines the probability P{a:| }® for any values of
positive integers k and r. Note that P{ax| }® will always be a row
matrix since [P®] is a row matrix.

Example 2-26. A relay alternates between the open state denoted by 1 and the
closed state designated by 0. The transition probability matrix is given as

1 0
o [ %]
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Assuming that the initial probability of the relay being in either state is 14, determine
(a) The probability of reaching state 1 via state 0 in one step, that is, (V.
(b) PootV.

(¢) por?.
(@ p 2.
(e) (1] @, the probability of reaching state 1 in two steps.
2/3 1
L 1
2/3 0
23 23 1 S 3,
L 0
1 0
3 2/3 1
v V2 vs LA 0
0 by /3 .
0
3>y

F16. E2-26

Solution. The state diagram and the tree diagram are drawn in Fig. E2-26.
According to the tree diagram,

(a) pa =144 =1¢

(b) Poo® = 1424 =14

(c) Pau® =14(04-28 +2%5-%4) =%

(d) pu® =14(23-%5 + 14 -14) = 54s

() p{ll }1® =pu® +pu® =5 + % = 1%

An alternative solution for part (e) is given by the matrix relation of Eq. (2-117).

3% %Y 5 45
s e |58 E] -us s[5 JE]-us
Therefore, p{1] 1@ =pfo] 1@ =14

Finally we may answer the same question by using the materials of Secs. 2-9
(Theorem of Addition) and 2-10 (Conditional Probability).

(a) p{01} = p(0}p{1]0}) = 14 14 = }4

®) pl00} = p{0}p{0j0} = 1524 = 1§

(@ pl001} + p(011) = p{00}p {10} + p(O1}p(1|1]}
=1-4+2%-24=3%

(a@) p(111}) + p{(101] = p{11}p(1]1} + p(10}p(1|0}
=16-26-% +36 3635 = 3s

O] plll @ =24 +3{zg =1

Example 2-27. A communication source having a three-letter alphabet transmits
sequences of messages. The transition probability matrix is given below:

A B C

Al O 35 3
Bll s 3§
Cl3s 0 %
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For the beginning of each message, letters 4, B, C occur with probabilities 3{g, 8{3,
and %{g, respectively.
(a) Determine the probability of getting a message commencing with
AB, BB, CA,
ABA, BBC, CAC

(b) Find a set of initial probabilities which will produce a so-called ‘‘steady state,”
i.e., the probability that the letter transmitted at the nth state does not depend on n.

Solution

(a) The probabilities in question are, respectively,

s 14 = ¥y 548 - 38 = %4 14836 = 35{qq
3438 = 3oz  Ma-34 =%e2 Moz % = 35l
(b) The desired initial probability matrix [P©®] = [a,8,7] must satisfy the condition
[PO][P]® = [PO|[P]"=D  n a positive integer
In particular,
[PO][P] = [PW]
Therefore a =8l5 + 734
B =alg + 8%
vy =a2 + B8l + ¥

These equations lead to
e=14 B=l ~v=13

It can be shown that, if one considers very long messages, the frequency of the
occurrence of the letter A will approach 14, etc. For further comments on the
Markov chain, see Chap. 11.

2-16. Random Variables. In the preceding sections the concept of
an event and of sample space of an experiment played an important role.
The discussion of the present section is aimed at an intuitive introduction
of random variables.

Most experiments of practical interest have numerical outcomes;
that is, the result of the experiment is a number, or a pair of numbers,
etc. In other words, the results can be described by using a coordinate
space, the coordinate space being in a correspondence with the sample
space of the event,.

A random variable is a real-valued function defined over the sample
space of a random experiment. Restricting the random variable to
assume only real values is quite natural, as one is interested in the
numerical outcomes of an experiment (even though in various practical
applications complex values of random variables are also considered).
The word “random”’ stresses the fundamental fact that we are dealing
with experiments governed by laws of chance rather than any deter-
ministic law. The throws of a symmetrical die or coin under hypo-
thetically symmetrical conditions represent random experiments. The
salient feature of these experiments is that, even though they exhibit a
certain kind of regularity when repeated over a long range of time, it is
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impossible to predict, with complete certainty, the outcome of any
particular trial.

Let © be the sample space of a random experiment. Each point of Q
describes a possible outcome of the experiment. This outcome may
not be a numerical result in itself but some numerical data can be assigned
toit. For instance, if the experiment were the picking at “random”’ of a
card out of a deck of 52, the number of possible outcomes at any particu-
lar trial would be 52, depending upon which one of the cards had been
picked. Here, although the outcome does not furnish us with a numerical
result, we can represent the possible outcomes by, say, the first 52
integers or by 52 points on a line.

The correspondence between a point of Q@ and a point in the coordinate
space is designated by a mathematical function. This function is termed
a random variable. Generally, we shall denote random variables by
capital letters such as X and Y, and their specific values by the same
letters in lower case. A random variable X assumes different values
Zy, &2, . . . , Tn, . . . Which are points of the coordinate space. The
coordinate space may be a one-dimensional or a multidimensional space.
The random variable may take a finite number of n-tuple values or
infinitely many. The sample space may be a space with finite or
countably infinite points or even a continuous space, that is, with an
uncountable number of points. The following practical examples illus-
trate some possibilities.

Example 2-28. The experiment is throwing an ordinary honest die. The sample
space has six events of interest. The associated random variable takes only six possi-
ble numerical values, 1, 2, 3, 4, 5, and 6. Each of these real numbers corresponds to a
specific event.

Example 2-29. The experiment is throwing three honest dice. The associated
random variable takes on 6? different numbers of triads as values. The random
variable may be conveniently represented by a point in the three-dimensional euclid-
ean space.

2-168. Discrete Probability Functions and Distributions. Consider
Q the sample space of a random experiment. If the outcomes of this
experiment can be put into one-to-one correspondence with the positive
integers, the sample space will contain a countable number of points.
Such a sample space is said to be a discrete sample space. In a discrete
sample space, when the random variable X assumes values

[11,12, s 3Ty e ]
the probability function f(z) is defined as

[p11p21 oo Pry - ]
where @) = P(X =z} = p& (2-118)
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The probability distribution function F(z), known also as the cumulative
distribution function (CDF), is defined as

Fi) = Y f(=,) (2-119)

z,<z

For example, the throw of an honest coin until a head appears is a random
experiment. The sample space of this experiment is a discrete space. If
X corresponds to the event of the appearance of the first head on the
kth throw, then X assumes the following values:

X1=01,23,...k ... (2-120)
The probability function f(z) and the CDF are
flx) = [27,222—3, 27k L] (2-121)
F@) =2 4224 - 2=

These functions are plotted in Fig. 2-23a and b, respectively.
The definition of the probability function and CDI' can be directly
extended to the case of a multivariate random variable. For instance,
in Example 2-29 the sample space is

/() a three-dimensional euclidean space
with 216 points. The random var-
0500 -— iable X assumes 216 triad values

X = (X,X,,X3) for any experi-
. ment. The corresponding proba-

0.250 |- — T - " bility function is
0125+ —+— 14— f(@1,25,28) = P{X1 = 1,
-1 4 X, = 1, Xs—J”sl
% 1z 3 T f(@yma,rs) = 360 Y6 16 = Yoo
(a) Here all permissible outcomes have
JF(x) equal probabilities.
The CDF gives the total proba-
1000 — — — — — bility of the set of points having
085 —————— each coordinate less than or equal
0750 [ ———= —_'u_{:_— to some specified value (z,,z2,%3),
0.500 |- —- ‘ f | that is,
: : } F(21,22,23) = Zf(z:)2;,24)
b for
0 ] J L —X
0 1 2 (b) 3 4 z, < [11] T; < [Ez] T, < [xa]

Fio.2-23. (a) Probability functi . where [ ] denotes the greatest in.
IG. a ropablity Iunction AsSs0Cl- . . s
ated with Eq, (2-121). (3) CDF associ- Ueger contained in the letter inside
ated with Eq. (2-121), the brackets,
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2-17. Bivariate Discrete Distribution. The case of a random variable
assuming pairs of values (zjy:) is of particular interest. In fact, in
most engineering problems the interrelation between two random quanti-
ties leads to a bivariate discrete distribution. The joint probability
function and the CDF are defined as before:

fzy) = P(X =1,V = y} (2-122)
F(x,y) = P{X Lz,Y < y}

If the joint probability function f(x,y) is known, say in the form of a
matrix, then there are four additional quantities of interest which can be
readily computed. These arc marginal probability functions and mar-
ginal CDI"s as defined below:

fi(xz,) = P{X = z;, all permissible Y’s} = E f(xy)
v
fay) = P{Y = y,, all permissible X’s} = f(x,y,)

Fy(z,) = E Ja(ze) (2-123)
ze <0
Fy(y;) = ; Ja(yn)

The indices 1 and 2 in the marginal distributions are simply to indicate
that fi(z) refers to the variable z, that is, the first variable, and fa(y)
to the second variable. Now assume that all pairs of values (x;,y,) are
written in a matrix form:

(zl,yl) (xhyﬂ) t e (xl.'yn)

[X; Y] = @hyl) (xzyyﬂ) (zzyyﬂb (2'124)
(@) \(ams) (Zm)

The corresponding probabilities can be written in a similar form:

Pn @ 'u' * P ‘
()] = @“ Paz) 7 @ (2-125)
Pm @ Pmn

The marginal probability fi(z;) is the probability of the occurrence of
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events for which X = z, without regard to the value of ¥. This is
readily obtained by adding the terms appearing in the second row of the

probability matrix.
fi(ze) = pa+ P2+ - -+ + poa (2-126)

Similarly, the marginal distribution f:(y,) can be obtained by adding the
terms of the kth column of the joint probability matrix. For example,

Jo(ye) = P4 P2t - - + Dme (2-127)

If the random variables X and Y are such that for all values of (z;,y;)
we have

I(xiy) = fi(x)f2(y,) (2-128)

then the variables are said to be statistically independent of each other.
For example, the simultaneous throw of two honest coins has the fol-
lowing outcomes:

= gae| e vean=[fn 2]

Evidently, these two variables are independent of each other, since for
any entry of the probability matrix we have

P[X=H1] =P11+P12=}/2
PlY =T =pi2+pn=%
PIX=H,Y =T, = (pu+p)@u+p2) =% 3=

Conversely, a check for independence is to determine if Eq. (2-128) holds
for all possible outcomes.

The conditional distributions can also be defined and obtained in a
straightforward manner. The conditional probability P{X = ,|Y = y;}
is designated as f(x.]y,). That is, if the computation of f(x.|y;) is desired,
then we concentrate on the jth column of the (z,y) matrix.

1Y,
T2y,

——

[X,)Y =y] = (2-129)

.Y,
TmY;

Next the term z,y; is selected and its associated probability is obtained.

PIX = alY = ) = fGuly) = L2 (2-130)
Fa(ys) # 0
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It is to be noted that f(z:|y;) is a permissible conditional probability
function as all its terms are nonnegative and

E f(z,y,)

I | 1¢7) )
Z;f @) == =T ~ ! @131
f2(y1) # 0
Similarly, the conditional probability of Y, given X = x, is found to be
fula) = L0 (2-132)
filz) =0

Example 2-80. Consider the simultaneous throw of two honest dice X and Y.
Find P{3 < X £5,2 £Y < 3} and the marginal probabilities.

Solution. The two-dimensional random variable assumes 36 pairs of values, each
with an equal probability of 14¢.

P, = 146 for each point of the sample space
Fizyy) =P(X <z,Y <y

The marginal CDF’s are
[x] 6

F@ =Y Y aGk =
1=1k=1
w6 |
Fao) = ) ) k) =Y
k=1 j=1

N X o . \
Y\12345bf1(z)

386 286 ' }6e Jge 46 i lSe | 16
86 Y46 | 286 86 186 | }Se 1%
Y66 366 | 246 ‘46 46| )5 | 16

e 146 ! Y96 46 Y46 | }4e 144

146 146 | }46 146 146 | Y46 3%

146 146 | Y46 146 }46 | Yde %

20 %% 3 X O &

The probability of having 3 < X < 5and 2 < Y <3 is 8¢ = 3. The marginal
probabilities are P{3 < X <5} = 14 and P|{2 < ¥ <3} = }4. Note that the
two variables are independent, since, for all entries of the probability matrix,
e = 16 - 34.

2-18. Binomial Distribution. Consider a random experiment with
only two possible outcomes, E, and E.. Let the probability of the
occurrence of E, and E; be p and g = 1 — p, respectively. If the
experiment is repeated n times and the successive trials are independent

DT W e
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of each other, the probability of obtaining E, and E; r andn  r times,

respectively, is
(f)p'q"—f (2-133)

This can be proved as follows: The probability of any sequence having
r events E, and n — r events E, is p'q"", as the successive trials are
assumed to be independent of each other. Moreover, the number of
such sequences is equal to the number of combinations of n objects r
at a time. Hence the formula of Eq. (2-133) follows by the addition
rule of probabilities.

r (;_1) o’ q"r (;1) prgnT
0 1 1.000 0.216 0.216
1 3 0400 | 0.360 0.432
2 3 0.160 | 0600 0.288
3 1 0.064 1.000 0.064

o 1 2 3

Fra. 2-24. Example of a binomial probability function.

Let us now define a random variable X which takes the values r if in a
sequence of n trials there are exactly r £;. Then by Eq. (2-133)

fr) =P(X =1} = (:') e (2-134)
[z}
F(a:) = P{X S .’E} = (n) prqn—r

The distribution function of the random variable X is a step function of
the type shown in Fig. 2-23b. The corresponding probability density
function is shown in Fig. 2-24,

Example 2-31. What is the probability of getting exactly three 1’ain five throws

of a die? What is the probability of obtaining at most two 1’s?
Solution. According to Eq. (2-134), for p = 14, ¢ = 5%, n = 5, and r = 3, one

rix=r=3=(5) 5) ) = 77

For the second part of the problem,

Fo =pixs2 = (g) (5) () + (D) G) B) + ) (5) (8) -
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Example 2-82. In agame of n throws of a die, for what value of n is the probability
of getting at least two 6's larger than 147

P(23, ... n6%) >4

HIONORIGIOTC IS

The numerical answer to this inequality is found to be

Solution

n 2> 10

2-19. Poisson’s Distribution. A random variable X is said to have a
Poisson probability distribution if

N
P{X =z} =e*H (2-135)
whereA > 0,2=0,1,2, . .. ;and 0! = 1.

The corresponding cumulative distribution unction (CDF) is

a-|>’

|z]
F(z) = E z>0 (2-136)
F(z) = 0 <0
It is to be noted that F(x) satisfies the conditions required for a distribu-
tion function. In fact, F(z) is monotonic, increasing, and, moreover,

F(0) = e

Py = Y o= (14 54+ )=

k=0

It is of interest to note that the Poisson distribution is a certain type of
limiting case of the binomial distribution, in which p is a specified func-
tion of n, namely p,, where

lim np, =X >0

n— o

. —r — - A?
Then lim ( )p,.’(l — Pa)" e 7 (2-137)

n— x©

The validity of Eq. (2-137) can be checked through the following alge-
braic manipulations:

J@) = (:f) pi(l —pyrr=2=D - (m—2F+ 1)

nz

A’ n—z _
Zid- Pn) (2-138)
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=000 (e o

n
m=1/mQ =2/ -1 - (- 1)/n]
But "_m aT= p..)‘ =1 (2-141)
Therefore,
lim (1 = pa)* = lim [(1 — p,)~ V] = ¢ (2-142)
Finally, for the limiting case we find
)\z
fl@) = e (2-143)

Thus, in the binomial case, if the number of trials n becomes reasonably
large and the probability of individual success p is relatively small, so
that their product np = X is of moderate magnitude, the probability of
the number of successes in n trials approaches the Poisson distribution.
The following relative magnitudes illustrate a common range of applica-
tion for Poisson’s distribution:

n>50 p<0l A<I10

In Chap. 6 it will be shown that A is the “average’’ value for a random
variable with a Poisson distribution.

Example 2-83. Assuming that, on an average, 3 per cent of the output of a factory
making certain parts is defective and that 300 units are in a package, what is the
probability that, at most, five defective parts may be found in a package?

Solution. The ‘‘average’ number of defective parts in a package is 300 X 0.03 = 9.
Assume a Poisson distribution with this average, i.e.,

A=np=9
According to Eq. (2-143), the probability of a box containing z defective parts is

97e*
z!
[z]
ek

F(z) =P(X Lz) = E

k=0
} 9¢ , 9
F(s)"'(l"'u"'zl"'m +§)

Example 2-84. An industrial process has been running in control with 0.5 per cent
defectives. Find the smallest integer k such that the probability of getting & or more
defectives in a random sample of 100 is less than 0.10,
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Solution. Assuming a Poisson distribution with p = 0.006 and n = 100, one finds
A = np = 0.5. Thus it is reasonable to use a Poisson distribution. In this case,

P(X > k) <£0.10
P(X <k -1) >0.90
k

e~ M1

mzo%
=1
k Oﬁoskl
€0-50, 5k~
Z -1 = 0%
k=1

From a Poisson distribution table one finds that
k—1=1 k=2

2-20. Expected Value of a Random Variable. Consider a discrete
single-variate random variable X and its associated probability function:

[111,.’52, .. ,I,.]
(Pyp2, . . . \pd

If the random experiment under consideration is repeated a large number
of times, the average or mean value of the numerical function X is found
to be

Average of X = X = z D (2-144)
k=1

For example, for the experiment of rolling an honest die, one finds
X=1-%+2-%+3-24+4-%+5%%+6-% =3}

More generally, if ¢(X) is a function of a random variable X (also called
a weighting function), the mean value of Y(X) is defined as

Mesn of ¥(X) = ¥TX) = 3 pub(z) (2-145)
k=1

In the literature of probability, the mean of a function is generally
referred to as its expected value. An alternative notation for denoting the
mean value of a random quantity is a capital E in front of that quantity,
for instance, E(X) or E(X + Y) or E(2X + X*). When the function
¥(X) is of the form ¢(X) = X/, where j is a positive integer, its expected
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value is called the moment of the jth order of X. For example,

3

E(X) = X = first-order moment of X = 2 -

k=1
E(X?) = X* = second-order moment of X = E pti?  (2-146)
k=1
E(X? = X3 = third-order moment of X = E PrTi
k=1

The physical significance of moments is not discussed here. At present
the rcader is required only to acquaint himself with the concept of Eq.
(2-145), that is, how the means of different weighting functions can be
calculated. The concept of averaging is of considerable importance in
engineering problems. For example, assume that X is a random voltage
applied as the input to a device with an input-output relationship

Y = y(X)

Then E(Y) is the d-c level for the output of the system. Similarly, if
Y is applied across a unit resistor, the power consumed in the resistor,
measured with respect to its d-c level, will have the same numerical value
as the second moment of the random variable (¥ — Y), that is, the expec-
tation of

{W(X) — Ep(X)1}2 (2-147)

There are at least three special weighting functions of particular interest
in probability and information theory. These are

X i=1,273 ...
eX e = base of natural logarithm
log X

Without discussing the details at this time, we merely point out the most
important application feature of each of the above functions:

I

E(X7) This gives moments of different orders of X.

E(eX) When this mean is known, one can find the values of dif-
ferent moments without recourse to direct computation.

E(- log X) In the following chapter it will be shown that, when X is
taken to be the probability function f(z), the new random
variable [— log f(z)] presents the amount of uncertainty
associated with the occurrence of each outcome of the
discrete experiment. Therefore, its mean value will
stand for the average uncertainty of the system under
consideration,
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The concept of averaging can be generalized in a direct manner to
weighting functions of n random variables associated with an n variate.
For example, in the case of a bivariate random variable [X,¥] and a
weighting function ¢(X,Y), we have

Epx,n) =Y ; ¥(2,9,)Pry (2-148)

PROBLEMS

2-1. Determine whether or not the following relations are correct (the primes
denote the complements):

@ (A+B)A+C) =4 +BC

) (A+DB) —B=AB

() A'B=A+B

@) (A — AB)C' = A(B + C)

) (A + B)'C = A'B'C

€)] (A+ BB+ C)C + A) = AB + AC 4+ BC
(¢) ANBNBNC) =9

2-2. Let A, B, C be threc arbitrary events of a sample space. Find the expressions
for the following cases:

(a) At least one of the threc events occurs.

(b) B occurs and either A or (' occurs, but not both.

(c) Not more than two occur simultaneously.

2-8. Consider the set of points § = [(x,y)} shown in Fig. P2-3.

»y
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Nt =2 3 i 7*¢

Fia. '2-3

(a) Find the subset a = {(z,y)|z? + y? < 4}.

(b) Describe the subset b = [(z,¥)|y < z?).

(¢) Describe the subset ¢ = {(z,y9)|z < y?}.

(d) Describe the subset b M c.

(e) Describe the subset (b \JJ a)c'.

2-4. Given a set S = {0,1,2,3,4,5,6,7,8,9,10},

(@) Define the function ¥,(z) = z/2 over 8 and draw its graph.
(b) Define the function Fi(z) = = + 3 over S and draw its graph.
(¢) Determine the subset a = [z|(z/2)(z + 3) < 4}.






